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We outline an easily reproduced experiment that allows the student to investigate the intensity and
phase structure of transverse laser modes. In addition to discussing the usual Hermite—Gaussian
laser modes we detail how Laguerre—~Gaussian laser modes can be obtained by the direct conversion
of the Hermite—-Gaussian output. A Mach-Zehnder interferometer allows the phase structure of the
Laguerre—Gaussian modes to be compared with the phase structure of a plane wave with the same
frequency. The resulting interference patterns clearly illustrate the azimuthal phase dependence of
the Laguerre—Gaussian modes, which is the origin of the orbital angular momentum associated with
each of them. © 1996 American Association of Physics Teachers.

L. INTRODUCTION

Lasers form a key topic within an increasing number of
undergraduate physics and optoelectronic degrees. This pa-
per presents an easily reproduced experiment that allows the
student to investigate the amplitude and phase structure of
various transverse laser modes. In general, transverse laser
modes are best described by a product of a Hermite polyno-
mial and a Gaussian and are known as Hermite—Gaussian
(HG) modes. However, in this paper we show how other
modes can be generated and their phase distribution ana-
lyzed. Specifically, we present results relating to the
Laguerre—Gaussian (LG) transverse laser modes. Laguerre
polynomials are more frequently encountered within quan-
tum mechanics as the radial term in the solution to Schrod-
inger’s time-independent wave equation for a harmonic os-
cillator potential (e.g., the hydrogen atom problem). As in the
quantum mechanical example the presence of an azimuthal
phase term may be interpreted as indicating the presence of
orbital angular momentum, hence the current interest in these
unusual laser modes'~*

II. LONGITUDINAL AND TRANSVERSE MODES
WITHIN LASER OSCILLATORS

All lasers essentially consist of a gain material within
which stimulated emission amplifies the light and an optical
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resonator to provide the feedback needed to form an oscilla-
tor. The electromagnetic field within the laser resonator must
satisfy a number of boundary conditions. In the steady state,
there is the requirement that it reproduce itself in phase after
one round trip of the laser cavity. This gives rise to the lon-
gitudinal mode structure of the laser. For a two-mirror linear
cavity of optical length L, the operating wavelength of the
laser, A, must satisfy the equation

m(\/2)=L, (1)

where m is an integer.

The second boundary condition constrains the transverse
nature of the electromagnetic field. In free space, there is a
requirement that the electromagnetic field falls to zero away
from the axis of the laser cavity. This gives rise to the trans-
verse mode structure within the laser cavity and the observed
intensity profile of the laser output. The analytical form of
the allowed laser modes must satisfy these conditions and be
a scalar solution to the paraxial limit of Maxwell’s wave
equation. (The paraxial limit assumes that the light diverges
at only a small angle with respect to the optical axis of the
system.”) This requires both the field amplitude and its de-
rivative to fall to zero at a large distance from the axis of the
cavity.

The rectangularly symmetric HG modes are described in
part by the product of two-independent Hermite polynomi-
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Fig. 1. Intensity (|E| ®) distribution of (a} a Hermite—Gaussian mode m =3,
n=0, (b) a Laguerre~Gaussian model /=3, p=0, (c) a Hermite-Gaussian
mode m=3, n=1, and (d) a Laguerre—Gaussian mode /=2, p=1.

als, for the field distribution in the x and y directions, respec-
tively. They are characterized by the integer subscripts m and
n which give the order of the two polynomials. The values of
m and n correspond to the number of nodes in the electro-
magnetic field. For example, the HG;; mode has three field
nodes in the x direction and one in the y direction [See Figs.
1(a) and 1(c)].

The circularly symmetric LG modes are similarly de-
scribed by a single Laguerre polynomial with the superscript
I and the subscript p. The index ! gives the number of 27
cycles of phase in the azimuthal direction around the circum-
ference of the mode, while p+1 gives the number of nodes
across the radial field distribution. The LG} mode has a 47

78 Am. J. Phys., Vol. 64, No. 1, January 1996

phase variation around the circumference of the mode and
two radial nodes one of which is on axis. [See Figs. 1(b) and
1{d)].

As frequently encountered within quantum mechanics, it
is the symmetry of the potential well and associated bound-
ary conditions that determines the set of functions that most
conveniently describes the eigenfunctions of the system. In
the case of the simple harmonic oscillator, rectangular sym-
metry gives rise to HG eigenfunctions and circular symmetry
results in LG eigenfunctions. In the case of a laser system, it
would seem probable that given circular mirrors, the LG
functions would provide the most accurate description of the
transverse modes in a real laser, but this is not the case.
Slight asymmetries in the laser cavity such as the inclusion
of a Brewster window give rise to rectangular symmetry
which results in a product of Hermite polynomials providing
a more appropriate description. A full description with many
examples of transverse laser modes can be found in Sieg-
man’s book.® As an example of what the eigenfunctions look
like, the field amplitudes, E, transverse to the direction of
propagation for the HG;; and LG? modes, by way of ex-
ample, are given by

(x*+y?)

2R
ol o 2

2 2 2
E(LG?)x exp( —ik 2r—R—) exp( —er) ( 2 %)

E(HG;,)« exp( —ik

—(x*+y?)
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2

X L2 2r —2i
1| 57 | exp( i) (z), (2

where R is the radius of curvature of the near spherical wave
front, k is the wave number of the electromagnetic wave,
while x, y, and r are the transverse positions and radii within
the beam, ¢ is the azimuthal angle within the beam, and w is
the beam radius at which the Gaussian term falls to 1/e of its
on axis value. In both of the above expressions, the first
factor relates to the phase change that results from the cur-
vature of the wave front, and the factor y(z) is the Gouy
phase which we shall consider in detail later. The polynomi-
als in these cases are

NENE ]
B, &

Hl( =
and
2r2 2r2
Lf(z,f)=3‘;f- ®

III. THE GENERATION OF HIGH-ORDER
TRANSVERSE LASER MODES

In most uses of a laser, the multilobed or multiringed na-
ture of a high-order transverse mode is undesirable. Steps are
taken to force the laser to oscillate in the fundamental mode
m=0, n=0, the amplitude of which has the form of a simple
Gaussian centered on axis. As a laser will tend to oscillate in
the transverse mode for which the losses are lowest, the fun-
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damental mode is often preferentially selected by the inclu-
sion of an aperture into the cavity. Similarly, if one of the
higher-order HG modes is in fact required, then this is most
simply achieved by inserting a cross wire into the laser cav-
ity with the wires aligned with the nodes of the desired
mode. However, obtaining a pure LG is not so easy because
the azimuthal phase term can be either clockwise or anti-
clockwise. The two modes have identical intensity distribu-
tions and a simple mask or aperture is therefore not sufficient
to select one mode in preference to the other. Although a LG
laser output has been reported see for example the recent
work by Harris et al.,’ the experimental difficulties are be-
yond what can be expected of a teaching laboratory and we
show an alternative way in which such modes may be inves-
tigated.

Recent work by Beijersbergen ef al.® has demonstrated,
following the work of Tamm and Weiss® on low-order
modes, that there is an extra-cavity way to obtain pure LG
modes of any order. A mode converter consisting of two
cylindrical lenses can transform the HG output of a conven-
tional laser into the corresponding LG mode. In the experi-
ment described here, we convert the HG output of a He—Ne
laser into the desired LG mode and investigate the relative
phase structure by superposing the LG mode on the HG
mode derived from the same laser source. The resulting in-
terference pattern allows the direct observation of the azi-
muthal phase dependence of the LG modes.

IV. THE OPERATING PRINCIPLE OF THE MODE
CONVERTER

The HG and LG modes both form complete sets of solu-
tions to the paraxial wave equation. Any arbitrary paraxial
distribution can be described as a superposition of HG or LG
terms with the appropriate weighting and phase factors. It
follows that an LG mode can be described as a superposition
of various HG modes welghted and phased accordingly, and
vice versa. It has been shown™' surprisingly recently, that
the relationship between the HG and LG modes is compara-
tively simple, and examples detailing how various LG modes
can be synthesized from combinations of HG modes are pre-
sented in Ref. 8. Flgure 2 shows how a HG, , mode rotated at
45° to the x~y axis is equivalent to the sum of a HG,  and
HGy; modes and how these two modes are related to the
LGy mode. Specifically, the LGy can be formed by the super-
position of the HG;y and the HG,; modes with a phase
difference of /2.

The propagation of laser beams with a HG or LG structure
can be described in the usual language of Gaussian beams
(see Ref. 5). The radius of the beam, w, at which the Gauss-
ian factor in the expression for the electric field falls to 1/e of
its on axis value and the radius of curvature, R, of the near
spherical wave fronts are given by,

2(z +22%)
2( )__T’
24,2
RGz)= 22 @

where the quantity z, is the Rayleigh range and & is the wave
number of the electromagnetic wave. The position z=0 cor-
responds to the smallest beam radius, and this position is

79 Am. J. Phys., Vol. 64, No. 1, January 1996

In phase
HG o4

LG,

/2 out of phase

Fig. 2. The LG} mode can be formed by the superposition of the HG,  and
the HG,; modes with a phase delay of /2.

referred to as the beam waist. The radius of the beam waist,
wy, is related to the Rayleigh range by

wi=2z,/k. (5)

In the vicinity of the beam waist, a Gaussian beam experi-
ences a phase shift compared to that of a plane wave of the
same frequency This phase shift ¢ is termed the Gouy
phase.! For the 51mple case of a HG mode, described by
mode indices m and » in the x and y directions respectively,
and with identical Rayleigh ranges in the x—z and y—z
planes, z,(,_,y=z,,_ ), the Gouy phase is given by

Y(z)=(n+m+ 1)arctan(z/z,), (6)

while for a LG mode the phase is written

w(z)=02p+i+ 1)arctan(;), 7)

where z is the distance along the axis from the beam waist in
each case. If the Gaussian beam is focused by a cylindrical
lens then the situation becomes more complex as the Ray-
leigh ranges in the x—z and y—z planes are not equal,

Zr(x—2)F Zp(y~z) - Such a beam is termed an elliptical Gauss-
ian beam and the corresponding Gouy phase shift for the
HG,, , mode is given by

+ =) arctan
2 Zr(x—z)

z
) . 8

Zr(y—2z)

z)=

.
T3

arctan(
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Beam waist |

Inserted lens

Fig. 3. Alens inserted into a Gaussian beam with a Rayleigh range z, can
be selected to change the Rayleigh range to zz while leaving the position of
the beam waist unaltered.

It is the Gouy phase shift in the presence of a cylindrical lens
that forms the basis of the mode converter.

Consider a Gaussian beam traveling in the z direction with
a Rayleigh range z, and a beam waist at z=0. A lens inserted
at —d would change the radius of curvature of the beam and
it proves possible to select a focal length which changes the
Rayleigh range from z, to zp without affecting the position
of the beam waist (see Fig. 3). A second, identical, lens po-
sitioned at +d would change the Rayleigh range back to z, .
If the lenses are cylindrical, aligned with their axes parallel
to the x direction, then only the Rayleigh range in the y—z
plane is affected and consequently in the region between the
lenses z,(,_, is no longer equal to z,(,_,, and the beam
waist is elliptical (see Fig. 4). The differing Rayleigh ranges
in the x—z and y—z planes means that in transmission
through the lens pair, the HG,, , and HG,, ,, (m+#n) modes
will undergo different Gouy phase shifts. For the generation
of the LGy mode, we require that this phase difference be

cylindrical z=d

lenses \

olliptical
beam waist

w2
out of phase

In phase
Fig. 4. The cylindrical lens mode converter. If the input HG, o mode is

oriented at 45° with respect to the cylinder axis of lens the mode is con-
verted into the LG} mode.
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7/2. Beijersbergen et al. show that this occurs when the
separation, 2d, of the cylindrical lenses of focal length f is
given by

2d=f V2, ©
and the Rayleigh range, z, , of the incident beam is given by
z,=(1+1/\2)f. (10)

The correct Rayleigh range of thé beam entering the mode
converter is established using an additional spherical lens of
an appropriate focal length, prior to the mode converter, po-
sitioned to form a beam waist at z=0. For a diverging input
beam, with a wave-front radius of R; and of radius w, the
required focal length, f;,, of the input lens is given by

1 \/2kw22,—4z§, 1

—_————_—— + pu—

fin szzr Ri, (11)
where k is the wave number of the light.

It can be shown that in addition to the transformation of
the HG, ; mode, a mode-converter of the above design will
transform any HG,, , mode, rotated at 45° to the axis of the
lens, into the corresponding LGII, mode with /=|m—n| and
p=min(m,n).

V. EXPERIMENTAL APPARATUS

The design of the mode converter used in this work is
based on the simple equations given in the previous section
and has the following specifications:

25.4 mm focal length cylindrical lenses (e.g., Newport

CKX025"),

35.9 mm lens separation (between the principal planes)

and an input beam with a Rayleigh range of 43.3 nm.

The lenses are mounted with their plane faces cemented to a
19 mm long tube to set the correct separation of their prin-
cipal planes.

The optimum focal length for the input lens can be calcu-
lated from the diameter of the input beam and its wave-front
curvature. However, in practice it is simpler to experiment
with a number of different focal lengths and select the one
that gives the best results. In our case, a single lens of 250
mm focal length is used to focus the output of the HeNe laser
into the mode converter.

For the laser source, we use an unmounted He—Ne tube
with a Brewster window and an external output coupler.13 By
positioning the output coupler 100 mm from the Brewster
window, an x—y translation stage carrying a crosswire (made
from 10 um diam tungsten wire) can be inserted into the
laser cavity. With careful adjustment of the cross wire and
alignment of the output coupler, the student can force the
laser to oscillate in a variety of higher-order HG modes.

In order to observe the phase structure of the LG modes it
was necessary to extend the experimental arrangement be-
yond that of the mode converter, as shown in Fig. 5. The
experimental arrangement is based on a Mach-Zehnder in-
terferometer, with the mode converter and input lens (f=250
mm) in one arm and a beam expansion telescope in the other.
The purpose of the lens (f=160 mm) after the mode con-
verter is to form a second beam waist outside the interferom-
eter, so that the mode structure can be examined at various
positions either side of a beam waist. The beam expansion
telescope consists of two lenses (f=40 mm and =300 mm)
to give an expanded, collimated output beam. This beam is
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Output  Intra-cavity
coupler  cross-wire HeNe tube

— = =

Input
lens Mode converter
Beamsplitter

P Viewing screen

~

Beam expander Beamsplitter

Fig. 5. The experimental arrangement for the observation of the intensity
and phase structure of Laguerre—Gaussian transverse laser modes.

an expanded form of the input HG mode. Although having a
Hermite Gaussian intensity profile, the large Rayleigh range
now achieved for the mode results in a near-planar wave
front that acts as a phase reference for the examination of the
LG modes.

VI. EXPERIMENTAL OBSERVATION OF THE
INTENSITY AND PHASE STRUCTURE
OF LG MODES

Initial experiments can be completed with the beam ex-
pander arm blocked off. The results presented in Ref. 8 can
be repeated; namely after selecting a high-order HG mode
from the laser the student can examine the intensity distribu-
tion of the beam after it is transmitted by the mode converter.
If the cylindrical lenses are rotated about the optical axis so
that the axis of the cylinders are at 0° or 90° to the input HG
mode then the transmitted light is also an HG mode. If, how-
ever, they are rotated to lie at 45°, the input HG,, ,, mode is
transformed to the corresponding LG mode (/= |m n| and
p=min(m,n)).

After the various intensity patterns have been observed,
the student can superimpose the expanded HG mode, aligned
so that the LG mode falls within one of the greatly expanded
lobes, and the resulting interference pattern can be observed.
The expanded HG mode acts as a plane-wave reference and
the observed fringes reveal the relative phase variations of
the HG or L.G mode in question.

Figure 6 shows the intensity distributions and interference
patterns of a HG;  mode and the corresponding LGS mode
at various positions about the beam waist. These intensity
distributions can be observed simply by placing a screen in
the beam path. For the purpose of publication and student
reports, permanent record of the intensity distributions can
be obtained by directly exposing a CCD array interfaced to a
framegrabbing card running on a desktop computer. Subse-
quently, the interferogram image can be printed or trans-
ferred into a variety of applications running on the same
computer.

As can be seen from the figure, at the beam waist the 67
phase change around the circumference of the LG] mode
gives rise to three dark radial fringes. Away from the beam
waist, spiral fringes are observed. These arise from the com-
bination of the radial phase variation due to wave-front cur-
vature, and the tangential phase variation due to the azi-
muthal phase dependence. The sense of the spiral is reversed
on either side of the waist in accordance with the curvature
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LGS,

LG3, (at Rayleigh range) +
plane wave reference

LGS, (at beam waist) +
plane wave reference

Fig. 6. Photographs of the Hermite~Gaussian HG;, mode, the transformed
Laguerre—Gaussian LG} mode and interferograms between the LG3 mode
and a plane wave.

of the wave fronts. In addition, the sense of the spirals can be
reversed by changing the sense of the azimuthal phase varia-
tion. This is most readily achieved by rotating the mode con-
verter about the optical axis by 90° (i.e., from +45 to —45°
with respect to the input mode).

Figure 7 shows the intensity and interference patterns ob-

Fig. 7. Photographs of a number of Hermite—Gaussian laser modes, the
corresponding Laguerre~Gaussian modes and interferograms between the
Laguerre—Gaussian modes and a plane-wave reference.
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tained for several higher-order HG and LG modes. In all
cases the number of radial fringes is equal to [ (i.e., |m—n|)
and the number of radial nodes is equal to p+1 [ie.,
min(m,n)+1]. For the LG modes with multiple ring ampli-
tudes (e.g., the LG}, which is obtained from the HG;,), the
azimuthal position of the. fringe maxima and minima are re-
versed between successive rings, corresponding to the
change of phase of the Laguerre—Gaussian distribution. Note
also that in the special case of m=n there is an on axis
intensity for the LG mode but no azimuthal phase depen-
dence and hence the fringes are circular and not spiral. The
radii of the fringes can be calculated from the wave-front
curvature of the beam and are analogous to Newton’s rings.

VII. CONCLUSIONS

This paper presents an easily reproduced experiment with
which the student can investigate the intensity and phase
structure of various transverse laser modes. In addition to the
standard Hermite—Gaussian laser modes we detail how
Laguerre—Gaussian laser modes can be obtained by the di-
rect conversion of the Hermite—Gaussian laser output using a
mode converter utilizing the Gouy phase shift in the region
of an elliptical beam waist. Using a Mach-Zehnder interfer-
ometer, the phase structure of the Laguerre—Gaussian modes
can be compared with that of a plane wave of the same
frequency.

One of the current sources of interest in the LG laser
modes is that they are predicted to carry orbital angular mo-
mentum in addition to the spin momentum associated with
the polarization state of the photons.' By superimposing the
LG mode with a plane-wave reference, the resulting interfer-
ence patterns clearly illustrate the azimuthal phase depen-
dence of the Laguerre~Gaussian modes which is the origin
of the orbital angular momentum associated with these
modes.
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On a simple experiment on the free rotation of a ruler and other laminas
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The torque-free rotation of a solid body is unstable about the axis with the intermediate principal
moment of inertia. Such an instability can be shown with a simple experiment using a ruler. In this
work, the equations of Euler are integrated and the orientation of the ruler, referred to the laboratory
reference frame, determined as a function of time. This allows a beautiful comparison between the
observed rotation of the ruler and the theory behind it. © 1996 American Association of Physics

Teachers.

L. INTRODUCTION

The dynamics of spinning objects can be introduced to
physics students by using simple but very stimulating dem-
onstrations. Tops and gyroscopes display many unexpected
and challenging movements, one can also use some toys, >

82 Am. J. Phys. 64 (1), January 1996

some simple setups*™® or a common object such as a
football:” all of them serve to illustrate and introduce several
topics of rigid motion, either torque-free or not.

In this paper, we analyze a very simple experiment related
to the free rotation of solid bodies. It is known that a body
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