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We introduce a new class of partially coherent axially symmetric Gaussian Schell-model (GSM) beams incorporating a new twist phase quadratic in configuration variables. This phase twists the beam about its axis during
propagation and is shown to be bounded in strength because of the positive semidefiniteness of the crossspectral density. Propagation characteristics and invariants for such beams are derived and interpreted, and
two different geometric representations are developed. Direct effects of the twist phase on free propagation as
well as in parabolic index fibers are demonstrated. Production of such twisted GSM beams, starting with
Li-Wolf anisotropic GSM beams, is described.

1.

INTRODUCTION

Gaussian Schell-model (GSM) beams and their propagation characteristics have been studied by several authors.' 8 Sources that generate GSM beams have served
as useful model sources in modern radiometry of partially
coherent sources.9 These beams constitute a generalization of the usual coherent Gaussian beams to include partial coherence, and the coherent Gaussian beams and the
Gaussian quasi-homogeneous beams' 0 "' obtain as limiting
cases of GSM beams. Under passage through a first-order
optical system, GSM beams obey a transformation law 8 12
that is a generalization of the familiar Kogelnik abed law' 3
for coherent Gaussian beams.
GSM beams can be produced by superposition of independent coherent laser beams4 and can also be synthesized
by starting from a spatially incoherent field.3 They are
also known to result from the scattering of laser beams by
liquid crystals.' 4 Even though these beams are partially
coherent and even highly incoherent in a global sense, they
can be as directional as (and sometimes more directional
than) a fully coherent laser beam.15-' 7 Coherent-mode decomposition of GSM beams brings out the formal similarity between the cross-spectral density of these beams and
the thermal-state configuration space-density matrices of
harmonic oscillators. 4 "8 Anisotropic GSM beams and
their propagation characteristics also have been studied
by several authors.7 9 22
In the present paper we introduce a new class of GSM
beams and analyze in detail their propagation characteristics. The cross-spectral density of this new class of beam
differs from that of the more familiar axially symmetric
GSM beams in the presence of a subtle kind of positiondependent phase factor. We call this phase the twist phase
because its effect is to twist the beam about the beam axis
in the course of propagation. For the same reason, we call
this new class of GSM beams "twisted GSM beams." The
usual GSM beams obtain as the limiting case that corresponds to the vanishing twist phase.
0740-3232/93/010095-15$05.00

Twisted GSM beams correspond to the most general axially symmetric Gaussian cross-spectral density. The
twist phase itself is a new kind of phase that does not seem
to have been encountered in previous studies. It differs
from the more familiar phase curvature in essential ways.
For instance, there exists an upper bound on the strength
of the twist phase, and the origin of this upper bound can
be traced to the positive semidefiniteness requirement on
the cross-spectral density.
This paper is organized as follows. In Section 2 we introduce the twisted GSM beams as the beams with the
most general Gaussian cross-spectral density. The
Wigner distribution method turns out to be the most effective for deriving the upper bound on the twist phase.
In Section 3 we introduce the basic results of this method
and also the related results on the variance matrix, the
first-order systems, and the symplecticgroup needed for
our further analysis. Equipped with these results, in
Section 4 we derive the upper bound on the twist phase as
a direct consequence of the positive semidefinitenes \ of
the cross-spectral density. An elementary but striking
consequence of this bound is that the twist phase cannot
be present in an otherwise coherent Gaussian beam.
In Section 5 we study the transformation of twisted
GSM beams that are passing through axially symmetric
first-order systems that constitute the group Sp(2, R) =
SL(2, R). The associated invariants are derived and their
physical significance clarified. In Section 6 we derive the
free-propagation characteristics of these beams and show
that one of the effects of the twist phase is to increase the
effective degree of incoherence.
In Section 7 we derive a geometric representation
wherein twisted GSM beams are represented by points on
the upper half of the complex plane, with the first-order
optical systems acting as Mobius transformations in this
plane. An alternative geometric picture is developed in
Section 8. In this picture, twisted GSM beams are represented as points on the positive timelike hyperboloid in a
fictitious Minkowski space with two space dimensions
© 1993 Optical Society of America
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and one time dimension. First-order systems then act as
Lorentz transformations.
In Section 9 we show that the twist phase indeed twists
the beam about the beam axis; we show this for free
propagation as well as for propagation in a parabolic-index
fiber. In Section 10 we show how the twisted GSM beam
results from the action of one-dimensional first-order (cylindrical lens) systems on anisotropic Gaussian Schellmodel beams of the Li-Wolf 9 type. In Section 11 we offer
some final remarks.

2. AXIALLY SYMMETRIC GAUSSIAN
CROSS-SPECTRAL DENSITY AND THE
TWIST PHASE
In the study of partially coherent beams propagating about
the positive z direction in a Cartesian coordinate system
x, y, z, it is useful to represent the transverse coordinates
x, y by a two-element column vector p = (x, y). Then the
cross-spectral density at frequency v in a given transverse
plane z = constant can be written as W2(p,, P2; v).
We may ask, What is the most general Gaussian crossspectral density (in a transverse plane) that is invariant
under arbitrary rotations about the z axis? The answer
comes immediately if we recall that expressions that are
quadratic in two transverse vectors p, p and invariant
under rotations in the transverse plane are p2 = p* p,
p,2 = pt p, p p and p A p' = xy' - yx' = p ep, where
e is the antisymmetric matrix

r

11

= L -1

(2.1)

O1'

It follows that any rotationally invariant quadratic expression in the two transverse vectors Pi, P2 is of the form
E(p,,p2) = ap,2 +

f3P 22

+ YP1

pAP2-

P2 +

The requirement that this be Hermitian, that is, be unchanged under complex conjugation followed by interchange of pi and P2, implies that
3* = -.
Let us then write a = a,

* = ,, y* = y, and
=
ia3 for real

+ ia 2 , 3

ai,a 2,a3. We then see that the most general rotationally
invariant Hermitian quadratic expression in pi and P2 is
E(pi, p 2 ) = a,(p12 + p22) + YP1

P2

+ ia 2 (p 2- p22) + ia3pAp2
= (a,

/2)(p12 + P22 ) - (y/2 )(pl - P2)2

+

+ ia 2 (p 2-

p22) + ia3p, A P2,

with all the parameters appearing to be real. When new
symbols for these parameters are introduced that are
more appropriate in the present context, the most general
axially symmetric Gaussian cross-spectral density at frequency

is

W(p, p2 ; V) = 2ircr (v) 2

x exp[4
X

2XR(v)

(PI(p'+ P22 )
(p12 - p2)

-

-

(P-P)2

iu(v)P

'X"

ep 2

Here

= A/27r, A being the wavelength associated with

the frequency v; and of course I(v), o-(v),o-(v),R(v), and

u(v) are all real. It is well known that 3cplays in wave
optics the same role that the Planck constant thplays in
wave mechanics. 2 '
We have thus ensured that the hermiticity requirement
Wz(p 2 , pl; V = Wz(pI, p2; v) is satisfied by the Gaussian
cross-spectral density in Eq. (2.2), and it is the most general Gaussian that is consistent with this requirement.
To make Wz(p, P2; v) in Eq. (2.2) a bona fide cross-spectral
density, we have to ensure that it is positive semidefinite.
Unlike that for hermiticity, this requirement is somewhat
subtle to implement and test, and we address ourselves to
this important issue in Section 4.
Clearly, or3 (v) is the effective beam width of W(p, P2; v)
in the plane z = constant, org(v) is the (transverse) coherence length, and R(v) is the radius of the phase curvature.
Further, (v) is the total irradiance (intensity), which is
defined as the trace of the cross-spectral density:
I(v) =

d.

(p, p; v).
)

(2.3)

When the beam parameter u(v) = 0, Eq. (2.2) coincides
with the GSM cross-spectral density, which has been extensively studied by other authors, 7 and hence Eq. (2.2)
can be considered a generalization of the cross-spectral
density of GSM beams.
The phase that is proportional to u(v) in Eq. (2.2) is a
new kind of phase factor that does not seem to have been
studied so far. It has several interesting and subtle consequences for the beam that is generated by the crossspectral density [Eq. (2.2)], and the present paper is
concerned principally with the study of these consequences. For reasons that will become clear in what follows, we call the beam generated by Eq. (2.2) a GSM beam
with twist (handedness), or twisted GSM beam; the phase
that is proportional to u(v) is called the twist phase, and
the parameter u(v) itself is called the twist parameter.
Clearly twisted GSM beams constitute a four-parameter
family that is labeled by cr5(v), rg(v), R(v), and u(v). (We
will be interested in propagation processes that are unitary and hence do not affect the integrated intensity I(v),
and thus we do not count I(v) among the parameters that
are labeling the family.) When u(v) = 0, we recover the
conventional three-parameter family of GSM beams.
For brevity henceforth we suppress the v dependence
and the z dependence. Thus we write W(P,, P2) in place
of Wz(p,,p
R(v), u(v).

2 ;v)

and

rs,ogR,u in place of ors(v), g(v),

3. WIGNER DISTRIBUTION, VARIANCE
MATRIX, FIRST-ORDER SYSTEMS, AND THE
SYMPLECTIC GROUP
It is well known that the Wigner distribution method offers a convenient and powerful tool for handling problems
that involve partially coherent beams and their interaction with optical systems." 2 0 We use this method for
analyzing the propagation characteristics of our twisted
GSM beams.
We construct the Wigner distribution 24 2' corresponding
to a given cross-spectral density W(Pl, P2) by expressing
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the latter in terms of the mean and the difference variables p = 1/2 (pi + P2), AP = (P2 - pi) and then Fourier
transforming it with respect to Ap:

(P'

=

x

d2APW

X exp(ip

Ap/X).

(2iT=
22J2

-_2 AP, P +
2

The Wigner distribution "W(p,p) is real [since W(P1, P2)
is Hermitian], but is not pointwise positive in general.
However, it is useful to interpret it as a generalized phasespace density of rays with transverse position coordinates
p and transverse momentum (direction) coordinates p.
Indeed, the integral of W(p,p) with respect to p, i.e., the
marginal distribution in p, gives the intensity distribution
in the transverse plane that is under consideration, and
the total irradiance in that plane is given by the integral
of W over the entire phase space:

I=

f

W(p,p)d2p

f

=

d2pd 2pW(p, p).

(2) A thin lens of (symmetric) curvature matrix F (the
eigenvalues of F are the reciprocals of the principal focal
lengths) described by

AP
2I,~-~A~p--p
(3.1)

S(F =

S(M) =

=

11

(3.9)

0]

Rotation of the beam in space by an amount 0 about
the z axis is again a first-order system and has the raytransfer matrix
-sin

cos 0

then the action of a first-order system takes the form

cos 0

where S is a 4 X 4 real-matrix characteristic of the system. The underlying Hamiltonian structure of ray optics
demands that the ray-transfer matrix S be symplectic.30
That is,
[-

0]

'

(3.5)

where 0 and 1 are the null and the unit matrices, respectively, of order 2. Matrices that obey condition (3.5) constitute the 10-parameter symplectic group Sp(4, R). Thus
the family of first-order systems is isomorphic to Sp(4, R),
and the successive action of several first-order systems is
represented by the product of their ray-transfer matrices
in order. A property of the symplectic group that can be
readily shown from condition (3.5) is that S E Sp(4, R)
implies that ST, S-1 E Sp(4, R). Further, det S = 1 for
every S E Sp(4, R).
Special examples of first-order systems are
(1) Paraxial free propagation through a distance z described by
z1]

(3.6)

cos 0

-sin 0

sin

cos 0

(3.10)

0

(3.4)

gout = Sin ,

[1

--

where lo is a length parameter needed for dimensional
reasons. It is of interest to recall that every element of
the 10-parameter group of first-order systems, including
inverse free propagation, can be realized with the use of a
finite number of thin lenses S(F) that are separated by
free-propagation sections S(z).28

S(0) = sin 0

S(Z)

(3.8)

(M-1)Tl;

(4) A Fourier transformer that essentially interchanges
the position and the momentum variables and hence has
the ray-transfer matrix

(3.3)

P

K

(3.7)

0

P

S T KS =K,

1 0 ;
_F 1

(3) A magnifier that scales the position coordinates p by
a 2 x 2 real matrix M as p -> Mp and hence scales p by
(M 1 )T as p - (M-1)Tp, consistent with the underlying
canonical structure, so that the ray-transfer matrix is

(3.2)

Similarly, the integral of W(p,p) with respect to p (the
marginal distribution in p) gives the angular distribution.
It should be noted in passing that the Wigner-Moyal integral transform in Eq. (3.1) is invertible, and hence the
cross-spectral density and the Wigner distribution have
identical information content.
A special class of optical systems, called first-order systems,21-2' are of particular interest to us. A first-order
system is described by a numerical ray-transfer matrix.
If we arrange the position variables p and the direction
variables p of a ray into a four-element column

97

Thus, as x and y undergo a rotation through an angle 0,
their conjugate variables px,py simultaneously undergo the
same rotation. Let be the set of symmetric systems.
These are first-order systems that are unaffected by the
rotations S(0) or by reflection about any plane containing
the axis of the system and, hence they commute with these
operations.3 ' It is easy to see that elements of I are necessarily of the form
s =

a- 1 b- 1
c- 1 d- 1

ad - be = .

(3.11)

It should be emphasized that neither the rotations S(0) nor
the reflections belong to
but serve only to define .
The rotations (0) have an "inbuilt screw sense"'" and
hence do not commute with reflections; the reflections
reverse the signature of the twist phase. By rewriting
Eqs. (3.11) as
S =Sol,

[a b

E Sp(2, R),

(3.11')

we see immediately that axially symmetric first-order
systems are isomorphic to the three-parameter group
Sp(2, R) = SL(2, R), which is a subgroup of Sp(4, R).

98

J. Opt. Soc. Am. A/Vol. 10, No. 1/January 1993

R. Simon and N. Mukunda

These systems act unitarily on any input-field amplitude (p) to give the corresponding output-field amplitude
'(p) through
VW) = fd2p'G(p,pt).

G(p, p') = (i/bA)exp -

-i

(p'),

=

(dp2 - 2 . p' + a12)]

2

2

2

2

I

= ()2

(3.12)

f d pi'd P 'G(pi, p)*G(P , P ')W(Pl', P2).
2

I

W(PPa)

the parameters a, b, d being determined from Eq. (3.11).
This is the well-known generalized Huygens integral.3 2
For free propagation through a distance z, we have a
d = 1, b = z [see Eq. (3.6)], and then Eqs. (3.12) become
the Fresnel propagation formula, as expected.
Now this unitary evolution of the field amplitude implies the following evolution for the cross-spectral density:
W'(p1 , P2)

which is valid for n-dimensional vectors x, k, and a symmetric matrix A with positive definite real part, we have
from Eq. (3.15) that
1+ m

X exp[-2lP2 - 2X2( 1 +)

We note that the exponent in Eq. (3.17) is real and homogeneous quadratic in the components of p, p. Therefore
we can write it in the form -btGg, where G is a real symmetric 4 x 4 matrix. The elements of G can be read from
Eq. (3.17). To express G in compact form, however, it is
advantageous to replace the single-index notation ga, a =
1,2,3,4 with the split-index notation era, r = 1,2;
a = 1, 2, with

62= Y

(3.13)

where the inverse of the matrix S in Eq. (3.11) appears.
This is the law for evolution of the Wigner distribution
on passage through any first-order system. The fourdimensional integration needed in Eq. (3.12') is replaced
now by an extremely simple point transformation, or
linear change of argument. Nevertheless, it is fully
equivalent to Eq. (3.12') and gives a complete wave-optic
description of first-order systems, notwithstanding the
appearance of (the inverse of) the ray-transfer matrix.
The elementary structure of Eq. (3.13) is at the basis of
the power of the Wigner distribution method in first-order
optics. 8 12 20-22 We now make effective use of it for a complete analysis of the twisted GSM beam. To simplify notation, let us introduce the abbreviations
I = (40cr

2 1

)-

M = (erg2)

(3.14)

for the parameters of the twisted GSM beam given in
Eq. (2.2). The Wigner-Moyal transform for the beam can
then be written as
t(p'P) = (2P)3
1112

2 2

621,

63 = P. =12X

W(p,p) = W(g), we may ask, When the cross-spectral

cW'(9) = °W(S'l)

4 = Py =

(3.18)

22.

The second index a distinguishes between the position
(a = 1) and the momentum (a = 2) variables. With this
notation, G is specified simply in terms of a 2 2 real
symmetric matrix g and a scalar go:

Gra,sjg = 3,g + esea0g90,

Gb
g

r2

=

0

go = -[2e

0

1

+

2 (l

r

2X+2 (W+ m) L

2
2 + 1/R

1/R

1

+ m)] .

d2Ap exp[-1 ( + m)Ap2]

The independent nonzero elements of the symmetric matrix G are
21

+ (U2 + /R2)[2W2 (l + m)]',

GI =

G22=

G33 =

G = [2 2( + m)] -1,

G1 3 =

G24=

G14= -G 23

=

[

2

( + m)R] -1,

- u[2X(l + m)] 1.

det G = (det g

- g 2) 2 = 12[X92( + M)] 2,

W(g) = I (det G)"12 exp(-TG{).

UEP)

AP.

(-exp(
xAx + ikx)
=

2

7rn (det A)l/2exp(

- 1kTA-lk
4

(3.21)

(3.22)

(3.15)

Using the identity
ndnx

(3.20)

It can easily be seen that

0

+

(3.19)

so that from Eq. (3.17) we deduce the following compact
expression for the Wigner distribution of the twisted
GSM beam:

exp(-21p 2 )

X exp[ (P +

+ UEP)]

(3.17)

(3.12')
We have already seen that the (complex) cross-spectral
density W(p 1 ,P2) and the (real) Wigner distribution
cW(pp) contain identical information. Now, arranging p
and p into a four-component column vector g and writing
density evolves as in Eq. (3.12'), how does the Wigner distribution W(g) evolve? By using Eq. (3.12') in Eq. (3.1),
one obtains, after straightforward algebra,8

+
P

(3.16)

The Wigner distribution, and hence the cross-spectral
density, is completely specified by the matrix G. We shall
call it the parameter matrix for the twisted GSM beam.
One obvious advantage of the Wigner distribution
method is the facility with which the various moments of
the position and the direction variables can be calculated
for a partially coherent beam. For our twisted GSM
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beam specified by Eq. (3.22), the first moments vanish by
virtue of symmetry, showing that we have a beam whose
transverse position and mean transverse momentum are
zero. That is, the beam is centered on the z axis (origin
of the transverse plane) and propagates along the z axis.
Since the first moments are zero, the variance matrix is
given by V = (gT) That is,
Vab = (b)

(3.23)

Id6a6bcW(6).

=

Making use of the identity
7.

I

fR.

d'xxaXb exp(-xTAx) =-

n/2

(det A)" 2 (A-')b,

2

(3.24)

which is valid for n-dimensional Gaussian integrals, one
can immediately see that for the Gaussian Wigner distribution (3.22)
V = (1/2)G'.

(3.25)

By virtue of the rotational symmetry manifested in
Eqs. (3.19), G can easily be inverted. For the same reason,
G'-and hence V will be expected to have the same form as
G. Indeed, we have
Vab =

v

Vres.

=

1/2

=

8

rsVap + ErsEa/3V0,

[det g/(det g
2

= 1/2 [1 + u /4X
V =

1/2go/(go

2

-

V = 1/41

0

0
-1/R

1
-u

u

-1/R

V

2

1(1 + m)]g-1,

det g) = u/41.

(3.26)

-1/R
4X21(l

+

m)

=

u2

+

+ 1/R

0

I2 (det V)-" exp - 2

2

TV-1

.

(3.28)

As was to be expected in a Gaussian situation with zero
mean, the cross-spectral density is completely specified by
the variance matrix. Given the beam parameters, we can
form the variance matrix as in Eq. (3.27). Conversely,
given the variance matrix V of a twisted GSM beam [with
V possessing the symmetry given in Eqs. (3.20) and
(3.27)], the beam parameters can be computed as
O'S = V, = 1/41,

1/R

=

V3/V11,

U =V4/V,
Og

2

=

2

V/(V1V 33

-

V 32

-

V 42

I

f R4d46a6bCW(S-1g).

(3.30)

Let us define a new set of phase-space variables ' = S-'g.
Since det S = 1, we have d' = d, so that Eq. (3.30) can
U

-U

4,7T2

V-b' =-

*b

- (1/R)
* (3.27)
0
402 (l + m) + 2 + h/R2 i

For future reference it is useful to rewrite our Gaussian
Wigner distribution [Eq. (3.22)] in terms of the variance
matrix V:
t(9)

represent, by definition, the beam widths in the x and the
y directions, respectively; and (V33)"/2 and (V44)"2 represent
the momentum widths (angular spreads) in these directions. The elements in the off-diagonal block of V represent correlations between the position and the direction
variables. We see from Eq. (3.27) that such correlations
are proportional to 1R and u. Whereas 1/R represents
the correlation between x and Px (and also between y and
py) that results in convergence or divergence of the beam
as R <0, the twist parameter u represents the correlation
between x and py (and between y and pr), the effect of
which is to twist the beam about the z axis.
For the special case of our twisted GSM beam, V,,
V22 = /41 = 2, showing that the beam width equals ,
in both the x and the y directions. The angular spread
also has equal values in these directions: V33 = V44 =
40 21(l + m) + u2 + 1/2. It depends on all four beam parameters. We shall have occasion to return to this aspect
later in the paper.
To conclude this section, we derive the law of transformation of the variance matrix under the action of firstorder systems. Consider again an arbitrary cross-spectral
density with associated Wigner distribution V(W). Under
the action of a first-order system S, the Wigner distribution 0W() becomes (S-1), as noted in Eq. (3.13). It follows from Eq. (3.23) that the variance matrix becomes

-go2)]g-1

Thus the variance matrix of a twisted GSM beam is
1

99

-

X2/4).

be rewritten as
V

=

1b'f r
I R4

= S

For an arbitrary cross-spectral density, the diagonal elements (V1)1"2 and (V22)"/2 of the associated variance matrix

(3.31)

That is, the transformation law for the variance matrix
under the action of a first-order system S is
V _> V' = SVST.

(3.32)

The above transformation law applies to the variance matrix of an arbitrary partially coherent beam. For the special case of GSM beams with twist, the law can also be
deduced directly from Eq. (3.22). As W(g) ->
(S-1),
the exponent in Eq. (3.22) transforms as eTG{
{T(S-1)TGS-'.
That is, the parameter matrix G transforms as

G -t
(3.29)

Sbd Kd -

=

(S 1)TGSl

(3.33)

Transformation law (3.32) for V follows from Eq. (3.33)
by virtue of Eq. (3.25). It is useful to recall that det S = 1;
hence det G' = det G and det V' = det V.
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As an elementary consequence of the transformation
law [Eq. (3.31)], one can verify that variance matrix (3.27)
of our twisted GSM beam, and hence the beam itself, is
invariant under the action of S = S(6) given in Eq. (3.10);
this is merely consistent with the fact that we are dealing
with axially symmetric beams.

4. POSITIVE SEMIDEFINITENESS OF THE
CROSS-SPECTRAL DENSITY AND THE
UPPER BOUND ON THE TWIST PARAMETER
The two-point function W(pl, P2) given in Eq. (2.2) is Hermitian. In order that it be a bona fide cross-spectral density, as an integral operator kernel it should be positive
semidefinite, as well. It turns out that the positive
semidefiniteness imposes an interesting upper bound on
the twist parameter u. To derive this upper bound we
make use of two elementary facts.
First, the one-dimensional Gaussian cross-spectral
density
W(x1,x 2 ) =x

(

x,+

2

x
2(exp(x,-x
2 )2)
(4.1)

has associated with it the Gaussian Wigner distribution
'W(g) = (I/2'r)(det V)Y 2 exp[-(1/2)gT V-1],
where g is now the two-component vector
the variance matrix
V

=

Ors2

0

0

X(1/0,g2 + 1/40'52)2

(X, p")T

(4.2)
and V is

1

The positive semidefiniteness requirement on the crossspectral density [Eq. (4.1)] is equivalent to the condition
2
O'g > 0.
This is evident from the analysis of Starikov
and Wolf and in particular from their expression for the
eigenvalues [see Eq. (2.17) of Ref. 18]. One can also see
this by computing
trW = f dxW(x, x),
trW2 = f dxdx2 W(x1,
=

f dxdx

2

2 )W(x 2 ,

)

and using the fact that a Hermitian positive semidefinite
W necessarily satisfies

4

ag2 >

0

is in turn

=

-(41R)-'1)= [(41

on the variance matrix. Conversely, given a real Gaussian phase-space distribution in one pair of variables (x,px),
with positive definite diagonal variance matrix V, the
phase-space distribution is a Wigner distribution (i.e., the

0i1

The resulting variance matrix is, from Eqs. (3.27) and
(3.32),
o
-u/41

0

V0
0

QOK

u/41
(4.4a)

(4.4b)

2" .

It is useful to note in passing the formal similarity between expression (4.4b) and the more familiar quantummechanical uncertainty principle.
Second, unitary transformations on the Hermitian twopoint function preserve its positive-semidefiniteness property. This is because a Hermitian two-point function is
positive semidefinite if and only if all its eigenvalues are
nonnegative and a unitary transformation leaves the eigenvalues invariant. Thus, if two Hermitian two-point
functions are unitarily related, then one of them is positive semidefinite if and only if the other is so.
To implement the positive-semidefiniteness requirement
on the Gaussian two-point function (2.2), we will transform it, using unitary transformations, into a canonical
form consisting of a product of one-dimensional Gaussians
of the type given by Eq. (4.1). For each such factor the
positive semidefiniteness is easy to implement, and the
product Gaussian is positive semidefinite if and only if
the individual factors are positive semidefinite. This follows from the fact that, if the product is viewed as a kernel,
the first factor acts on the space of functions of the variable x, while the second factor acts on the space of functions of the variable y. Therefore each eigenvalue of
the product kernel is the product of an eigenvalue of the
first Gaussian kernel and an eigenvalue of the second
Gaussian kernel.
Recall now that Sp(4, R) transformations act unitarily
on the cross-spectral density. We use a sequence of these
transformations to cast the cross-spectral density
[Eq. (2.2)] in canonical form. The first transformation
corresponds to passing the beam through a thin lens of appropriate curvature so that the phase curvature in Eq. (2.2)
that is proportional to 1R is removed. Such a thin lens
corresponds to the Sp(4, R) ray-transfer matrix [see
Eq. (3.7)]

IfQOK

tr W2 c (tr W) 2.

V11 V22

AxApX

S(F

1W(xI, x2)I2

From Eq. (4.3) we see that the condition
equivalent to the condition

two-point function associated with it through the WignerMoyal transform is positive semidefinite) if and only if V
satisfies expression (4.4a). Recalling that V1 = (Ax) 2,
V22 = (Apx) 2 are the squares of spreads in position and direction (momentum), respectively, we can rewrite the
positive semidefiniteness condition (4.4a) in the instructive form

- u/41
0

u/41
0

1

fQl, K

(4.5)

0
fQ-lK

0

where the real positive parameters K and fl0 are given by
K =

(1/41)(4

fo = (4X21(l

2

1(1 + m)

+ m) +

2

+ U2)1/2,

)-/2.

(4.6)

It will be noticed that the variance matrix V' in Eq. (4.5)
is block diagonal, with one block acting on the pair x,py
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and another on y,Px. Simultaneous rotation by equal
amounts in the x, p, and y, Px planes, represented by
.Cos )
R()) =

0

0

0
cos
0
sin
sin4)
0

-sin
cos
0

-sin )

=

S(M

= fo"21)R(

0

Cos 4)J

'1

0
1

0
= 7 '00l 1

/4)S(M = fl,1/21)-l

=

0

-nO

-1O

0

0

1

0O1

E Sp(4, R).

It can be seen that the first-order system corresponding to
S in Eq. (4.8) diagonalizes V' given in Eq. (4.5):
Qo(K

-

0

u/41)

0
0
0

Vi" = SVST =

Qo(K

+

0
0

X

We recall from Section 3 that the behavior of Gaussian
cross-spectral densities under the action of Sp(4, R) firstorder systems [including Sp(2, R) systems] is fully described by transformation law (3.32) for the variance
matrix. In this section we consider the transformation
properties of twisted GSM beams under the action of
axially symmetric first-order systems and derive the associated invariants. As noted in Section 3, these systems
constitute the group Sp(2, R). We recall from Eqs. (3.12)
that the 4 4 ray-transfer matrix of an axially symmetric
first-order system has the form of the Kronecker product
of an Sp(2, R) matrix s with the identity matrix of order
two. Further, from Eqs. (3.26) and Eq. (3.27) it is clear
that the 4 4 variance matrix of a twisted GSM beam can

0
0

u/41)

0

'a -'c - u/41)
0

The diagonal nature of V" implies that the Wigner distribution corresponding to it is
W({) = 1

that explains why we do not encounter it in coherent
Gaussian beam optics.

5. ACTION OF Sp(2, R) FIRST-ORDER
SYSTEMS AND THE ASSOCIATED
INVARIANTS

0

is an Sp(4, R) transformation, as can be verified with
Eq. (3.5). Conjugating R() for 4 = /4 with S(M) in
Eq. (3.8), where M = o1/21, we obtain the Sp(4, R) matrix

S

0
0

* (4.9)

QO0'(K + u/41)J
again be written in the sum and Kronecker product form
V

(det V")-"/2

exp
x

-

L

f~r°l'x-(2 2 +
(K-

2
2
f1P
oPx 2 _ fl.-'y + fop'
o

u/41)

2(K + u/41)

1ol2

showing that we indeed have now a product of two onedimensional Gaussian cross-spectral densities. The conditions xAp, Ž X/2, AyAp Ž X/2 read as K - u/41 X/2, K + u/41 Ž X/2, respectively; incidentally, these conditions are independent of QO.
Recalling that K and are positive, we can combine
these two conditions into a single condition:
-

K

+ -C

412

K.

(4.11)

When we square both sides and use Eqs. (4.6), this inequality reduces to ul s Km. Since m = 1/g 2 , we have
the final result that
Ug2IUI

K.

=

V

0

1 + vOeI

(5.1)

0 E

where the scalar v = u/41, e is the antisymmetric matrix
given in Eq. (2.1) and the 2 X 2 matrix v is given by

J

(4.10)

lul
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(4.12)

This is the upper bound on the magnitude of the twist
parameter u, and inequality (4.12) is equivalent to the
positive semidefiniteness condition on the cross-spectral
density [Eq. (2.2)]. In particular, if the beam is coherent
except for the twist phase that is proportional to u, i.e., if
0
,g o, then u necessarily has to be zero; otherwise, the
two-point function will cease to be positive semidefinite.
In other words, this twist phase cannot simply be impressed upon an otherwise coherent Gaussian beam. And

v

1/41
-1/41R
-

-1/41R

(5.2)

(4Y, 21(l + m) + u2 + 1/R2)/41.

Let this twisted GSM beam be passed through an axially
symmetric first-order system S = s 0 1. The resulting
variance matrix V' is obtained from Eq. (3.32):
V

=

SVST =

V' 0

1 +

Vo'e

0

(5.3)

e,

where
V=

vo'

VsT

1/41'

-1/41'R'

\-1/41'R'

(4t 2 1'(l' + m') + u"2 + 1/R' 2)/41'

u'/41' = v = u/41.

)
(5.4)

Since V' has the same form as V, it follows that the resulting beam is also GSM with twist. Its beam parameters 1', m', R', and u' as functions of 1, m, R u, and elements
of the abcd matrix can be computed from Eqs. (5.4).
The fact that v' = v0 is just a consequence of the defining property sEsT = E for elements s of the group Sp(2, R).
Physically it means that the combination of the beam parameters u/41 = o02u is invariant under the action of every
axially symmetric first-order system.
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There is a further invariant.
Eq. (5.2) that
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To see this we note from

a distance z, the v matrix becomes
41

[1

det v =

(1

+

2

-i)

+ (u/41)

2

= K

where K is as defined in Eqs. (4.6). Since det s = 1, it
follows from Eqs. (5.4) that det v' = det v. That is, K2 =
(W2/4)(1 + m/i) + (u/41) 2 is an invariant. Since u/41 was
shown to be an invariant, we have two independent functions of the beam parameters:
%1 = m/41
%2 =

u/41

=

2

01

-1/Rj[1

1 r1- 2z/R + Z2 /I
41L 1R + Z/fl 2
2

(4X 1(l

a

+ m) +

2

u

2

z/f21

-h1R +

,

1/fI
2

2

(6.1)

1/R )-" .

+

is given by v,,, we see that it varies as

Since

2

Ur8 (z) =

crs2(1 - 2z/R + z 2 /fZ2 ).

(6.2)

2

o-s /Og ,

= O, 2 u,

(5.6)

which are invariant under the action of all axially symmetric first-order systems. The ratio O-g/O-s is known in
the literature as the degree of coherence" (ors/crg is the
degree of incoherence). The invariance of %, means that
the degree of coherence (incoherence) of a twisted GSM
beam is invariant under the action of all axially symmetric
first-order systems. Collett and Wolf"1 first established
the invariance of the degree of coherence for Gaussian
quasi-homogeneous beams under free propagation. In
view of this, the invariance of IC, can be viewed as a generalization of the Collett-Wolf theorem to twisted GSM
beams under the action of all rotationally invariant firstorder systems. It is interesting to see that the presence
of twist does not destroy this invariance of the degree of
coherence.
The invariance of 2 implies that, if u is nonzero (zero),
then it will remain nonzero (zero) after the action of every
axially symmetric first-order system. It follows that
twisted GSM beams cannot be created by the action of
axially symmetric systems on the usual (untwisted) GSM
beam. Invariance of C2 implies in particular invariance
of the signature of u; this phenomenon shows that a
right- (left-) handed GSM beam will remain right- (left-)
handed under the action of every axially symmetric firstorder system.
Thus we have three nonintersecting families of rotationally invariant, partially coherent Gaussian beams:
GSM beams without handedness (u = 0), right-handed
GSM beams (u > 0), and left-handed GSM beams (u < 0).
These families are separately invariant under the action
of axially symmetric first-order systems. In this classification the conventional GSM beams (u = 0) constitute
only a measure-zero subset.
Finally, since /crg is an invariant, invariance of %2 =
O'2 u implies invariance of crg2 u, as well. This shows that
expression (4.12) is an Sp(2, R) invariant condition. In
particular, if we have a beam that saturates the inequality
(4.12), then it will remain saturated after the beam is
passed through any axially symmetric first-order system.

6.

-l

(5.5)

PROPAGATION CHARACTERISTICS

In this section we derive the propagation characteristics
of our twisted GSM beam. We do this by using in
Eqs. (5.4) the matrix s(z), which is appropriate for free
propagation, since free propagation is a rotationally invariant first-order system. Thus, after propagation through

The minimum value of the z-dependent beam width a-,(z)
obtains when
2

(6.3)

Z = Zo= Ql /R.

Recalling that 1/R is given by -v12 /v11, we see that precisely at this distancezo we have the curvature 1/R(zo) = 0.
Borrowing terminology from coherent Gaussian-beam
optics, we can call this plane z = z, where the beam width
becomes minimum and the phase curvature vanishes,
the waist plane. The beam width at the waist is, from
Eqs. (6.2) and (6.3),
cr.(Zo)

-(lQ2/R2)1/2

=

(6.4)

Since every twisted GSM beam has a waist plane as given
by Eq. (6.3), we can shift, without loss of generality, the
origin of the z coordinate to the waist plane. Let us further denote the beam parameters in the waist plane by
o-(0), g(O), and u(0) [radius of curvature R of the phase
front is infinity at the waist plane: R(0) = o]. The v
matrix at the waist plane is [1/41(0) = o-(0) 2, 1/M(0)
Cg~~~0,)22]

v(0)

=

0cr

[o

(02/Q(0)2]

fl(o)-2 = (X/4)r,(0)- 4(1 + 4os(0)2 /Ug(0) 2 ) + u(0) 2. (6.5)

As we shall see in what follows, Q(0) is a combination of
beam-waist parameters that is particularly useful in expressing the z variation of the various beam parameters.
The v matrix at a distance z from the waist plane is
V(Z) =

S(Z)V(O)S(Z)T

E

2

2

r(0)2(1 + Z /n(0) )
2

zo 8 (0) /fQ(0)

2

2

Z(0)

/(0)

2

2

2

o8 (0) /fl(0) J

(6.6)

The z variation of a- and R can be readily extracted from
v(z) [see Eq. (5.2)]:
cr3 (z) = \/Vll(Z)

R(z) = -V1(z)/V

2

2

2

= cr 8 (0)(1 + z /fl(0) )1 ,
2 (z)

2

= -(Z + fj(0) /Z).

(6.7)

The z variation of ag and u can be deduced from the
z independence (invariance) of %, = os(z) 2/rg(z) 2 and
'%2 = U,(z)2U(Z):
0g(Z) =

crg(0)[1

+ z 2/fQ(0) 2 ]1/2,

u(z) = u(0)/[1 + z 2/fl(0)2].

(6.8)
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Both o(z)2 and og(z)2 increase with z in a hyperbolic
manner with characteristic constant fl(0), and u(z) decreases as a Lorentzian function with the same characteristic constant. But the phase curvature 1/R(z) increases
in magnitude first and then decreases. It attains a maximum value at z = ZR = Q(°):
(d/dz)R(z) = 0,
R(zR)

=

z

= ZR =

Q(0)

-2fl(0).

(6.9)

Further, z = ZR is the distance at which both or8(z) 2 and
og(Z)2 become twice their minimum values and u(z) becomes half of its maximum value:

2o-j0)X

(6.10)

u(0)/2.

As in the case of coherent Gaussian beams, we call ZR the
Rayleigh range. In the present case the Rayleigh range
depends not only on the waist size but also on the degree
of coherence and twist parameter at the waist. We see
from Eqs. (6.7) and Eqs. (6.9) that the parameter fl(0) that
we introduced in Eqs. (6.5) is the beam-expansion coefficient on the one hand and the Rayleigh range on the other.
Whereas the two expressions C, and (62 in Eqs. (5.6) are
invariant under all axially symmetric first-order systems,
for free propagation there exists a third independent invariant. It is given by the lower diagonal element 22 of
the v matrix:
(63= V22 = {(X/4)O. 8 (Z)- 4 [1 + 4(Z)
+ U(Z)

2

2

+

/R(Z) }cr(Z)

2

/crg(Z)

2

]

2

= invariant.

(6.11)

Its invariance is a direct consequence of the fact that free
propagation is given by an upper triangular matrix; the
reader can use Eqs. (6.7) and Eqs. (6.8) in Eq. (6.11) and
verify directly that the combination of beam parameters
%3 given in Eq. (6.11) is indeed invariant.
This additional invariant for free propagation has an interesting physical significance. By going over to the waist
plane, we see that the value of 63 is related to the waist
parameters in the following manner:
(63 =

o(0)2/fj(0)2.

(6.12)

Now, for asymptotically large z, the limit of cr 3 (Z) 2 /Z2 is, by
definition, the square of the angular divergence. From
Eqs. (6.7) we see that
(AO) 2

=

(angular.divergence) 2

= Lt

2

2

cr.(Z) /Z =

2

2

(0) /fl(0) .

(6.13)

Thus we see that the third independent invariant physically represents the square of the far-field angular divergence of the beam.
Effective Degree of Incoherence: In view of the invariance of C2 in Eqs. (5.6), the twist parameter u(z) can be
characterized by the invariant expression
2

P =

s(Z)/cg(Z) = c0s(0)/c0g(0).

(6.15)

Quasi-homogeneous beams are characterized by >> 1,
and nearly coherent ones by 3 << 1. Both q1and 3 are
unaffected by the action of axially symmetric first-order
systems.
The beam expansion coefficient Q1(0) takes a convenient
form in terms of rq, 3:
= (2/Xj,(0)2

(1 + 432

+ 4234)1/2.

(6.16)

<aS°

Og(ZR) =
U(ZR) =

Inequality (4.12) implies that the invariant twist parameter -qhas the range -1 ' -q 1. Moreover, we can characterize the degree of incoherence by the invariant
expression

Q(0)

08 (ZR) =

103

7l = 0-(Z) U(Z)/X = o.g(0) 2 U(0)/X.

(6.14)

Now recall that the beam-expansion coefficient (0) of
the usual (untwisted) GSM beam with waist size o-j(0) and
degree of incoherence /3 is given by
(0) = (2/X)r 8 (0)2( +

432)- 12

(6.17)

Comparing Eqs. (6.16) and (6.17), we see that, as far as
beam expansion is concerned, a twisted GSM beam having
waist size oJ(O), degree of incoherence /3, and twist parameter -qis equivalent to an untwisted GSM beam having
the same waist size but effective degree of incoherence
/8eff given by
/3eff =

(1 +

/32n2)1/2

(6.18)

Thus the presence of twist ( • 0) in effect increases the
degree of incoherence.
In the coherent limit, 3 << 1 and 3eff = /3 + p33712/2,
and the effective increase in
that is due to the twist
is fairly small. On the other hand, in the quasiiluomogeneous limit for which >> 1, we have /3eff
321,j,
assuming that the twist parameter Iqjj is not a very small
fraction (of order /3-1) of its maximum permitted value of
unity. In this case the effective increase in the degree of
incoherence can be quite large. As a specific example, if
,3 = 100, -q = 0.5, then 3eff = 5000, so that /3ff/3 = 50, resulting in a fiftyfold increase (decrease) in the effective
degree of incoherence (coherence).
The effective increase in the degree of incoherence
caused by the twist results in an effective decrease in the
coherence length itself:
[°Tg(°)]eff =

crg(0)/(1 + /3272)1/2

(6.19)

Again it is easy to see that, while this fractional reduction
in the effective coherence length is somewhat small for the
nearly coherent case, it can be very large (i.e., of order 3)
in the quasi-homogeneous limit.
Finally, from Eqs. (6.13) and (6.16) we see that the ratio
of the angular divergence for a twisted GSM beam to the
angular divergence for a conventional GSM beam of the
same waist size and degree of incoherence is given by
(AO)twisted GSM = [1 + 471234/(1 + 432)]1/2
(AO)usual GSM

(6.20)

Thus the twist phase can cause a substantial increase
in the angular divergence, particularly in the quasihomogeneous case 3 >> 1. In Fig. 1 we use Eqs. (6.7) and
(6.16) to show the variation of the beam width of a twisted
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Note that the imaginary part of q is strictly positive.
Given the matrix v, we can compute the invariant K and
the complex quantity q. Conversely, given K and q, we can
reconstruct v as
V22 = KI/Im(q),

V12 =

4

Re(q),

22

2
+ V12 )/V2 2 ,

2

V1 = (K

;6;/

(7.4)
2

the last expression being just a restatement Of K = det v.
Thus a GSM beam with twist is indeed specified by the
triplet (K, vo, q), where v and K are invariants and q is a
complex number with a positive imaginary part.
Under the action of an axially symmetric first-order
system s E Sp(2, R), we have v -> v' = sVsT, so that K2 =
det v' = K2. Since sesT = e, this transformation can be
written equivalently as

2

0

1

2

3

4

PROPAGATION DISTANCE z (105X)

Fig. 1. Effect of the invariant twist phase on beam expansion,
with 3 = 5, o-,(O) = iOX.

GSM beam as a function of the propagation distance, for
various values of the twist parameter -q but the same
waist size o,(0)
and degree of incoherence 1B.
1
7. REPRESENTATION IN THE COMPLEX
PLANE: THE abcd LAW

In Section 5 we showed that a twisted GSM beam is completely characterized by a real symmetric positive-definite
2 X 2 matrix v and a scalar v.
While v is related
to the beam parameters through Eq. (5.2), v is related
through v0 = u/41. Under the action of a first-order system s E Sp(2, R), the scalar vo remains invariant, while v
undergoes the symmetric transformation v __ v' = SVST',
leaving K2 = det v invariant.
The 2 X 2 real symmetric matrix v has three indepen-

dent elements. If we characterize them in terms of a complex parameter q and the invariant K,then the behavior of
v (and hence the behavior of the beam itself) under the
action of axially symmetric first-order systems will be
fully described by the corresponding transformation in
the complex plane of q.
It turns out that this transformation is given by a generalized abed law. To see this, consider the 2 X 2 complex matrix
V + iKe =

[V1
LV12 -

V12 + i]

iK

V22

which is Hermitian and singular by construction and has
positive trace. Thus it necessarily has the form of a projection matrix. That is,
V + iKE

V22 [q][q*

22[

q*

1]

(7.2)

for some complex number q. Comparing Eq. (7.2) with
Eq. (7.1), we find that
q =
=

(V12 + iK)/V2 2

V/(V,

2 -

iK).

(7.3)

V' + iKE = s(V + iKe)ST.

(7.5)

Writing v' + iKE in the outer-product form [Eq. (7.2)] with
complex parameter q', we see that Eq. (7.5), which is quadratic in s, implies the following equation:
[1

= /L [1]

(7.6)

Here
is a complex scalar, whose numerical value is
unimportant for our purpose. We can eliminate ,u from
matrix equation (7.6) by writing out the two scalar equations involved and dividing one by the other. Thus we
have
q' = (aq + b)/(cq + d),

(7.7)

where a, b, c, d are elements of the Sp(2, R) matrix s.
In the case of coherent Gaussian beams, an abcd law of
the form of Eq. (7.7) is well known; it is called Kogelnik's
abed law. 3

More recently, Kogelnik's law was general-

ized8"3 to GSM beams without twist (i.e., u = 0). Following this terminology, we can call Eq. (7.7) the abed law for
twisted GSM beams. In the coherent limit corresponding
to m/ - 0, the twist parameter u - 0, so that from
Eq. (5.5) K - X/2, and q in Eq. (7.3) indeed goes over to
the usual complex radius of curvature, and consequently
our generalized abed law [Eq. (7.7)] goes over to Kogelnik's
abed law. Further, in the GSM case without twist, for
which u = 0 but m/l 0, q in Eq. (7.3) reduces to the generalized complex radius of curvature developed in Ref. 8,
and Eq. (7.7) reduces to the abed law for GSM beams
(without twist) derived therein. Clearly, if q obeys the
abed law, then q* also obeys the law.
To conclude, a twisted GSM beam is parameterized by
the triplet (K, vo, q), where v0 = u/41 and K > X/2 satisfy
inequality (4.11) and q is a point in the upper half of the
complex plane. Under the action of a first-order system,
K and v are invariant, while q transforms according to the
abed law of Eq. (7.7). [It should be recalled that the fractional transformation of Eq. (7.7) with ad - bc > 0 maps
the upper/lower half of the complex plane onto itself.]
The coherent case corresponds to (/2, 0, q), and the usual
GSM beams correspond to (K,0, q), with K > X/2.

8. REPRESENTATION ON A HYPERBOLOID:
LORENTZ TRANSFORMATIONS
In Section 7 we presented a geometric representation
wherein the twisted GSM beam was represented (apart
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from the invariants K,vo) by a point in the upper half of
the complex plane and the action of Sp(2, R) systems was
represented by M6bius transformations. There exists another interesting geometric picture that can be traced basically to the intimate relationship between Sp(2, R) and
S0(2, 1), the group of Lorentz transformations in a (fictitious) Minkowski space M2,1 with two space dimensions
and one time dimension, so that the metric matrix is
'1
0
0
0 -1
0J
o s
-1

'Y

beam. We are currently engaged in a detailed study of
the consequences of this elegant geometric picture.
9. MANIFESTATION OF TWIST:
EXAMPLES
We have termed the phase-factor exp[-iu(xly2 - x2 y 1 )/1Y]
in the cross-spectral density W(pl,p 2 ) in Eq. (2.2) the
twist phase because its effect is to twist the beam about
the beam axis as the beam propagates. To see this twist
phenomenon we must have, of course, a beam that does
not possess axial symmetry.
We can break the axial symmetry of our twisted GSM
beam by passing the beam through a differential magnifier that magnifies by a factor m along the x direction and
by m'l along the y direction. Its ray-transfer matrix is
m 0
0 0
0 m'1 0 0
S 0 O
r O
(9.1)

(8.1

To see this, let us parameterize the 2 X 2 matrix v as
x
V =

2

+ x
x1

X
x0-

1
x21

It is clear that real symmetric 2 X 2 matrices and real
vectors x = (x0 X1, X2)r are in one-to-one correspondence.
Since the positive definiteness of v is equivalent to both its
determinant and its trace being positive, we have
det v

= (x0 )2

Clearly, S is an element of Sp(4, R) and lies outside our
Sp(2, R) subgroup. Without loss of generality, we assume
that m > 1. The action of S on cross-spectral density
equation (2.2) is to expand vS2, 0g2 , and R by m2 in the
x direction and contract them by the same factor in the
y direction. However, the twist parameter u is left
unaffected.
If we take the input-variance matrix in the standard
form of Eq. (4.5) so that we are at the waist plane and
hence the unitary-phase curvature is absent, the outputvariance matrix after the action of the magnifier is
M2
~~~2
fl(O)K
0
0
m V0

- () 2 - (x2)2 = XTYX = K2 > 0,

x > 0,

(8.3)

that is, x corresponding to v is a point on the positive
branch of the timelike hyperboloid xTYX = K2.
Under the action of a first-order system s E Sp(2, R), v
transforms as v

->

v' =

SVST.

This transformation is lin-

ear in v and hence, from Eq. (8.2), linear in the components
of x. Since xTYx is invariant, we conclude that the action
of a first-order system s is to produce an S0(2, 1) Lorentz
transformation A(s) on the vector x E M2,1 :
x

x' = A(s)x,

-

o)

A(s) E S0(2, 1);

V()2=

A(s1 )A(s 2 ) = A(sls 2 ).

ab + cd
ad + bc
ab - cd

1/2 (a 2 - b2 +C 2
2

- b2

- C2+

It can be directly verified that A(s) E SO(2, 1), i.e.,
A(s)TyA(s) = y. Further, it is clear that s, -s correspond
to the same element of SO(2, 1), consistent with the
well-known two-to-one homomorphism between Sp(2, R)
and S0(2, 1).
Thus, given a twisted GSM beam, we represent it by the
pair (vo, x), where v is an invariant scalar and x is a point
on the positive branch of the timelike hyperboloid
[Eq. (8.3)] labeled by the invariant K. The action of a
first-order system is to produce a Lorentz rotation on this
hyperboloid. As a consequence, a twisted GSM beam on
one hyperboloid cannot be transformed into one on another hyperboloid by Sp(2, R) first-order systems.
As an immediate consequence of this geometric picture,
we deduce the following fact: for every twisted GSM
beam there exists a characteristic one-parameter subgroup
of Sp(2, R) systems that leaves the GSM beam unaffected.
These subgroups correspond precisely to Lorentz transformations about the vector x that represent the given

2

2

- V
_
-2 2
fQ(OYKKmM

m2vO°

[A(O)

0
o

0

()

C()

C(O)T

m

(9.2)

B(O)

d2)]

ac - bd
1/2 (a

f(m)KM
Q(O - 2
-m
0v

0

(8.4)

Writing out v' = SVST in terms of x, x and a, b, c, d, one can
easily extract the matrix A(s), and we have
1/2 (a2+ b2
+ d2)
A(s) =
ac + bd
1/2 (a2+ b2 _ C2 - d2)
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* (8.5)
2

d )

The diagonal intensity matrix
A(O)

= [(O)Km2
fl(0)Km-2

(9.3)

shows that V(O) represents an anisotropic (elliptic) Gauss-

ian beam for which the intensity drops to exp(-1/2) times
its maximum value along an ellipse with its major axis
oriented along the x direction, the values of the major and
the minor axes being m[f1(0)K]1 2 and m 1 [f(O)K] 1 12 , respectively. It is useful to write m = exp(,/2)( > 0,
since m > 1)and to write the blocks of V(O) in terms of

the Pauli matrices:
A()

=

B(O) =
C(O)

=

(O)K(l cosh

, +

(O)-1K(1 cosh , -

3

sinh ,u),
3

sinh ,),

vO(iOr2 cosh ,u + a, sinh ,u).

(9.4)

Let this anisotropic beam propagate through a distance z.
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Free propagation transforms the variance matrix V(0) into
VW =

1 Z1
0

1

V(O)

1

0

Z1

1

AW

=

C(Z)T

Qz)
BW

(9.5)

The intensity matrix A(z) as a function of z is given by
A(z) = fl()K(l cosh p. +
+ 2zvoul sinh p
+ z2

o3 sinh p.)
.

-

3

sinh p.).

= 2zvo/fl(0)K[1

-

z 2f(O)-2 ].

(9.7)

Let w±(z) be the intensity widths along the major/minor
axes at the plane z = constant. Then [w±(z)]2 are given
by the principal values of the symmetric matrix A(z):
2

2

2

]cosh

V(Z) = S(Z)V(O)S(Z) T

sinh p.
(9.8)

The principal values are nondegenerate (since v0 # 0) for
every value of z, which shows that the beam remains elliptic Gaussian in every transverse section. But from
Eq. (9.7) we see that the intensity ellipse is continuously
twisted about the z axis. The distance at which this twist
angle 0(z) reaches a value T/ 4 is obtained from the zero of
the denominator in Eq. (9.7):

A` sin Azl1
cos Azl

(9.13)

A parabolic-index optic fiber whose axis is along the z axis,
for instance, has this kind of ray-transfer matrix, where z
is the propagation distance along the fiber and A is a constant characteristic of the given fiber.3 4 This system belongs to the so-called periodically focusing system with
period 27r/A.
If we launch into this fiber our elliptic twisted GSM
beam that is characterized by the variance matrix V(0) in
Eq. (9.2), the variance matrix after propagation through a
distance z in the fiber is given by

p.

+ {f(0) K [1 _ Z2n(O)- 2] 2 + 4Z2 V0 2}11 2

-A sin Azl

(9.6)

The major axis of the intensity ellipse A(z) is at an angle
0(z) to the x direction, where tan 20(z) equals the ratio of
the coefficient of o-1 to the coefficient of 073 in Eq. (9.6).
That is,

[W±(Z)] = f(O)K[1 + Z 1(0)
2 2

[ cos AZ1

Sfz)

(0)Y'K(1 cosh

tan 20(z)

make the twist visible. But the twist itself is independent
of the distortion factor m (or p.), as can be seen from
Eq. (9.7).
For yet another interesting, and perhaps more striking,
manifestation of the beam twist that is forced by the
twist-phase factor, consider an axially symmetric system
whose Sp(4, R) ray-transfer matrix is given by

EC(Z)
A(z)

T

(9.14)

BC(z)

The intensity matrix A(z), in particular, has the following
z dependence:
A(z) = A(M)cos 2 Az + B(0)A-2 sin 2 Az
+ /2 [C(0) + C(0)T]A-1 sin 2Az

(9.9)

cosh p[cos 2 Az + f(0)-2A-2 sin2 Az]1
+ voA'1 sinh p. sin 2Azo,
+ Ql(O)K sinh p.[cos 2 Az (0)-2A-2 sin2 Az]o3 .
(9.15)

Recall that fQ(0) is the Rayleigh range of the isotropic
beam before it was distorted by the magnifier. The twist
angle increases monotonically and saturates at IT/2 as

Thus the major axis of the intensity ellipse at the transverse plane z makes an angle i/(z) with the x axis, with
i(z) given by

0(z) =

z -o

/4

z =

at

(0).

=

(O)K

o.

It is instructive to rewrite expression (9.7) for the angle
of twist in terms of z/l(0), the propagation distance normalized with respect to the Rayleigh range

Q()

=

(2/X)Su(0)

2

(1 + 432

and the invariant parameters
Vo =

4

PT l/2

= fl(0)K(COS 2 vOA1
sin 2Az
AZ _ f1(0Y-2A-2 sin2 Az)

Denoting the coefficients of 1, ,, and

U3

(9.16)

in Eq. (9.15) by

(9.10)

Noting that

,B.

qp2X,

1.6

(X/2)(1 +

K =

2

+ 4

tan 2t/(z)

4/32

+

2

4

477 /3)1/2,

(9.11)

z
0

we have

:r

IT1.2

tan 20(z)

=

(1

4
+ 42

p2
Zf(°)-1 2
+ 4 7q2/34)1/2 [1 - Z2/n(0) ]

(9.12)

In Fig. 2 we show the angle of twist as a function of the
normalized distance z/Q(0) for various values of the twist
parameter q.

Thus the effect of the twist phase is to twist the beam
about the beam axis continuously as the beam propagates.

<~0.8
I=

0.4

The beam undergoes a twist of ir/4 within the Rayleigh
range and another 7T/4 beyond the Rayleigh range. It
should be appreciated that we broke the axial symmetry
with the help of the magnifier [Eq. (9.1)] only in order to

1
2
3
NORMALIZED PROPAGATION DISTANCE Z

1

Fig. 2. Twist phenomenon in free propagation, with

= 5.
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a(z), b(z), and d(z), respectively, we can see that the values
of the major/minor axes as functions of z are given by
[w±(z)]2 = a(z) ± [b(z)2 + d(z)2 ]" 2

(9.17)

Since b(z) and d(z) cannot simultaneously equal zero for
any value of z, we deduce that the beam is elliptical (and
not circular) in every transverse section. But the major
axis is twisted continuously by a monotonically increasing
(decreasing if v0 < 0) amount 0(z) as the beam propagates.
The beam twist in Eq. (9.16) is much more striking than
the one in Eq. (9.7), for the following reason: whereas the
beam twist in Eq. (9.7) saturates at iT/2 as z
co, the
beam twist in Eq. (9.16) increases by an amount si every
time the propagation distance increases by an amount r/A.
That is, the intensity ellipse undergoes one full rotation
for every period of propagation 2r/A in the fiber. This is

0.8T

0.6T_

W

(
0.4-

-/

0.2WT

o

illustrated in Fig. 3, where we plot Eq. (9.16) for various

|
L

,

0.2Tr

0.4r

0.61T

0.8Tr

NORMALIZED PROPAGATION DISTANCE AZ

values of the twist parameter.

(a)

10. GENERATION OF TWISTED GAUSSIAN
SCHELL-MODEL BEAMS
In this section we address the question of the generation
of twisted GSM beams. A procedure for generating them
starting from a conventional anisotropic GSM beam is
suggested by our analysis in Section 4.
Consider an anisotropic (elliptical) GSM beam of the
type introduced by Li and Wolf,' 9 with cross-spectral density W(pl, P2)
W(p1, P2 )

W(x1, Yl; X2, Y2) given by

11

/~~~X

=
2ir

(rsx0sy

2
4SX2

X exp[

2

4sy

2

2

2ogx2

/
o4

Y2
2\
Y1+Y2)

_

2

W0.61r
In.

2

exp _,+x

0.8s1//

2

2orgy2

2

1J

(10.1)

0.2

Clearly, o*x and Sy are the intensity widths in the x andy
directions and orgx and orgy are the coherence lengths in

0

NORMALIZED

these directions. This beam has an anisotropic Gaussian
Wigner distribution
=

(2 ,) 2 (det V)-"

2

exp(-

!gTV~ 1{)

0

0
0

O'3,
0

X2 (1/ugx2 +

0

0

0

.

O.4PA
G

PROPAGATION

(b)

0.8

.6Tr

08 r

DISTANCE A\Z

0.81T
1

0
2

.

(10.2)

with diagonal variance matrix
SX

0.2W
N0.2Lr

0

0

0

!1.6

0

1/4¢sx2)

XK(1/0ogy 2 + 1/4asy2)_
(10.3)

0.4/

The major axis of the intensity ellipse is along the
x direction/y direction as
K( 2

4

22)

______

x

=

205X

SX2< SY Let us require that

2 +

-

2

40w

2

0.2W -

2~~~~~~~~~~~~~

(10.4)

2wgy

0.21

0.4T

0.61T

NORMALIZED PROPAGATION DISTANCE

This condition can easily be ensured by passing the beam
through a differential magnifier of the type given by
Eq. (9.1), with an appropriate value of m.

0.811
AZ

(c)
Fig. 3. Twist phenomenon in a parabolic-index iber, with
(a) fhA = 0.5, (b) QoA = 1, (c) f 0A = 2. In all caseEi, = 5.
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Define three parameters £o, K,and vo through
O.

2 =

/

+

(

where So is the Sp(4, R) system given in Eq. (10.7) and
S(0 = -/4) is the rotation matrix given in Eq. (3.10) that
corresponds to a physical spatial rotation of amount 0 =

'

-rr/4
2 [(4

+ a2

1

+

(-+

2)

4

X F(1 '+a'y2

o-)

1]2

about the z axis.

To simplify further the realization of the optical system
that transforms the Li and Wolf beam into a twisted GSM
beam, we note the following. With S(0) representing the
physical rotation given in Eq. (3.10),

'

2

(10.5)
(9iX) 9 =

09;S)_

(10.11)

In view of Eq. (10.4), o is positive or negative as
Jsx < Y2. In terms of the parameters flo, K, and uo, the
variance matrix (10.3) of the Li-Wolf elliptic GSM beam
can be rewritten as

is just the Fourier transformer [Eq. (10.9)], rotated about
the z axis by an angle 0. Since V' in Eq. (10.8) is rotationally invariant [i.e., invariant under conjugation by S(0)],

V

That is, not only So but also S(0)So for any value of 0
transforms V into V'. Choosing 0 = ir/4 and making use
of Eqs. (10.10) and (10.11), we conclude that

Qo(

-

0

o)

0

_

0
0

0
0

0

flo(K +

0

o)

0
0

fo'K0

o)

V

0
lo'(K +

o)

(10.6)

Let us pass this beam through an Sp(4, R) first-order
system whose ray-transfer matrix is

s

=

1

0
1
-fo-'
0

0
20

0 fO.
n0 0
1
0
0
1

The resulting beam has the variance matrix
0

0

So

-Vo

0

-Vo

flo'K

0

0

oK

VI

=

So VST =

0
, O

0

(10.8)

flo-'KJ

;IXbe the optical system that performs Fourier

transformation in the x variable, with scale factor flo and
the y variable unaffected. It has the ray-transfer matrix
0

0

O
0x = 1
no-~' 0
0
0

=

(10.12)

So VSoIT,

SO = S(0 = 7/4)So =

(10.13)

Thus the sequence of systems WI' followed by an 9;X rotated through i/4 about the z axis transforms the Li-Wolf
anisotropic GSM beam into the rotationally invariant
twisted GSM beam characterized by variance matrix
(10.8). The beam parameters fo, K,vo of the twisted beam
are, of course, related to the beam parameters of the LiWolf beam through Eqs. (10.5).
The twisted beam thus generated does not have any
phase curvature. But this can, of course, be trivially introduced by passing it through a thin lens of appropriate
focal length.

foK

Comparing Eq. (10.8) with Eq. (4.5), we deduce that the
beam coming out of So in Eq. (10.7) and characterized by
V' is indeed a GSM beam with twist.
We have thus shown that the rotationally invariant GSM
beam with twist can be obtained by passing the Li-Wolf
anisotropic GSM beam (without twist) through the firstorder system So given in Eq. (10.7), with an appropriate
value of flo. It remains to be shown how this first-order
system can be synthesized with the use of more elementary optical systems.
Let

VI = [S(0)So)V(S(0)SO] .

ino

0

0 0 E Sp(4, R).
0 0
0 1

(10.9)

The inverse of SiX namely, sj', is obtained by following

(or preceding) 9ax with a magnifier that magnifies by a
factor -1 alongx while leavingy unaffected. The reader
can verify that
So = 9;S(0 = -/4)9'-1,

(10.10)

11.

FINAL REMARKS

We have introduced a new class of twisted GSM beams
and analyzed their propagation characteristics and invariants. Though the twist phase does not affect the magnitude of the normalized degree of spatial coherence
/.(plP2; v) = W(p,,p 2 ; v)/[W(p,pl; )W(p 2 ,P 2 ; V)]"I

(11.1)
and hence does not affect the transverse coherence length
in the (secondary) source plane, it has nontrivial effects on
the propagation characteristics. The upper bound on the
strength of the twist phase brings out the subtle nature of
this phase and distinguishes it from the more familiar
phase curvature.
We have analyzed the effect of the twist phase on axially symmetric GSM beams. A detailed analysis of anisotropic GSM beams with the twist phase included brings
out a much richer structure. Finally, it is of interest to
ask, What is the effect of the twist phase on an arbitrary
cross-spectral density? These and related issues are the
subjects of ongoing research.
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