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§ Lattice QCD is an ideal theoretical tool for investigating 
strong-coupling regime of quantum field theories 

§ Physical observables are calculated from the path integral
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§ Recover physical limit

𝑚𝜋 → 𝑚𝜋
phys

, 𝑎 → 0, 𝐿 → ∞

Lattice QCD 101
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§ Lattice gauge theory was proposed in the 
1970s by Wilson

 Why haven’t we solved QCD yet?

§ Progress is limited by computational resources

Are We There Yet?
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§ Lattice gauge theory was proposed in the 
1970s by Wilson

 Why haven’t we solved QCD yet?

§ Progress is limited by computational resources

§ Greatly assisted by advances in algorithms
 Physical pion-mass ensembles are not uncommon!

1980s Today

Are We There Yet?
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§ Lattice flavor physics provides precise inputs from the SM
A. El-Khadra, Sep. 2015, INT workshop “QCD for New Physics at the Precision Frontier”

 Very precise results in many meson systems 

§ Precision calculations of hadron structure have begun

Successful Examples
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DAs on the Lattice
§ Lightcone definition

 0 ҧ𝑑 −𝑧 𝛾𝜇𝛾5 −𝑧, 𝑧 𝑢 𝑧 𝜋+ = 𝑖𝑓𝜋𝑝𝜇 0
1
𝑑𝜉 𝑒−𝑖𝜉𝑝⋅𝑧𝜙𝜋 𝜉, 𝜇

 Nonlocal matrix elements with Wilson line [−𝑧, 𝑧] connecting 𝑢 and ҧ𝑑

 𝜉 = 𝑥 − (1 − 𝑥) = 2𝑥 − 1

§ Lattice calculations rely on operator product expansion, 
only provide moments

 𝜉𝑛 =  𝑑𝜉 𝜉𝑛𝜙 𝜉, 𝜇

 𝜉0 = 1,      𝜉2 → 0 ҧ𝑑𝐷(𝜇𝐷𝜈𝛾𝜌)𝛾5𝑢 𝜋 𝑝 …

§ In principle, use inverse transformation to retrieve true DA

𝜙 𝜉, 𝜇 = 6𝑥 1 − 𝑥 1 + 

𝑛=2,4,…

𝑎𝑛
𝜋 𝜇 𝐶𝑛

3/2
2𝑥 − 1
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Problem with Moments
§ For higher moments, ops mix with lower-dimension ops
 Renormalization is difficult too

§ Relative error grows in higher moments
 Calculation would be costly and difficult
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State of the Art Lattice Moments
§ Pion DAs from Lattice Moments

 𝑎2
𝜋 , 𝜉2 from 0 ҧ𝑑𝐷(𝜇𝐷𝜈𝛾𝜌)𝛾5𝑢 𝜋 𝑝

 RQCD: 𝑁𝑓 = 2, 𝑚𝜋 ∈ [150, 490] MeV, 𝑚𝜋𝐿 ∈ 3.4, 6.7

 RQCD: 𝑎2
MS 2 GeV = 0.136(15)(15)

 RBC/UKQCD: 𝑎2
MS 2 GeV = 0.233(30)(60)

 QCDSF/UKQCD: 𝑎2
MS 2 GeV = 0.211(114)
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RQCD, 1503.03656

B1503.03656 (RQCD)

Arthur 1011.5906

Braun hep-lat/0606012



Problem with Reconstruction
§ Possible reconstructions
 Using Gegenbauer polynomial expansion of the pion DA

Using 𝑎2 = 0.136(15)(15)

 Another through

Using ⟨𝜉2⟩ = 0.2361(41)(39)

§ A new approach is needed
to extract DAs on the lattice
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LP3 Collaboration, 1702.00008

𝐴 𝑥 1 − 𝑥
𝐵

6𝑥 1 − 𝑥 1 + 𝑎2𝐶2
3/2

2𝑥 − 1



A Promising “New” Direction
with Examples of PDFs
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Large-Momentum Effective Theory (LaMET)

A New Direction

§ Finite-momentum quark distribution
(quasi-distribution)
 Suggested operator:

X. Ji, PRL. 111, 

262002 (2013)

§ Take the infinite-Pz limit to recover lightcone functions
 Just another limit to take, like taking 𝑎→0or 𝑉→∞

Lattice 𝑧 coordinate
𝑥=𝑘𝑧/𝑃𝑧 Product of lattice gauge links

hadron momentum 𝑃𝜇 = 𝑃0, 0, 0, 𝑃𝑧
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§ Calculate the parton distributions through the
infinite-momentum frame Feynman, Phys. Rev. Lett. 23, 1415 (1969)
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Large-Momentum Effective Theory for PDFs 

A New Direction

𝑝(𝑃𝑧)

𝑄2 = 0 Γ

𝑝(𝑃𝑧)

X. Xiong et al., 1310.7471; J.-W. Chen et al, 1603.06664

Γ𝑞 𝑥, 𝜇, 𝑃𝑧 =

1) Calculate nucleon matrix elements on the lattice
(z dependence) 

2) Compute quasi-distribution via

3) Recover true distribution (take 𝑃𝑧→∞ limit )

𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦,
𝜇
𝑃𝑧

𝒒 𝒚, 𝝁 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + ΤΛQCD
2 𝑃𝑧

2

X. Ji, PRL. 111, 

262002 (2013)
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§ Exploratory study Mπ ≈ 310 MeV, a ≈ 0.12 fm (Mπ L ≈ 4.5)

Distribution gets 
sharper as Pz increases
Artifacts due to finite Pz
on the lattice 

Improvement? 
Work out leading-Pz
corrections

Quasi-Distribution 
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Pz∈ {1, 2, 3} 2π⁄L
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§ Exploratory study Mπ ≈ 310 MeV, a ≈ 0.12 fm (Mπ L ≈ 4.5)

 Take ratios (partially cancel statistical and systematic errors)

𝑞norm 𝑥, 𝜇, 𝑃𝑧 =
𝑞 𝑥, 𝜇, 𝑃𝑧

𝑑𝑥 𝑞 𝑥, 𝜇, 𝑃𝑧
× 𝑔𝑉

MS(2 GeV)

Distribution after Matching 

Huey-Wen Lin — PIEIC2018

No significant
finite-momentum 
effect seen for Pz>1

Removing
O(MN

n/Pz
n) errors + O(αs)
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Large-Momentum Effective Theory for PDFs 

A New Direction
X. Ji, PRL. 111, 

262002 (2013)

§ First result in 2014
Mπ ≈ 310 MeV, a ≈ 0.12 fm

(Mπ L ≈ 4.5)
 Largest 𝑃𝑧 ≈ 1.3 GeV
 1-loop MS matching + 

target-mass correction 

§ Updated results in 2017/18
 Improved quasi-distribution definition 
 RI/MOM nonperturbative renormalization and

corresponding matching to lightcone distribution
15

§ From 2014 to 2018
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
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Updated results at
physical pion mass
with Pz up to 3 GeV



Back to Meson PDA
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Meson Distribution Amplitude
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𝑷𝒛 = 𝟐
𝑷𝒛 = 𝟑𝑷𝒛 = 𝟐

𝑷𝒛 = 𝟑

Pz ∈ {1.72, 2.15, 2.58} GeV

1712.10025 (LP
3
)

§ Supposed to be the simplest structure to calculate for any 
beyond-moment approach

 In reality, not so trivial

§ Exploratory study
Mπ≈ 310 MeV
a≈ 0.12 fm
(MπL≈ 4.5)



Kaon Distribution Amplitude
§ Supposed to be the simplest structure to calculate for any 

beyond-moment approach
 In reality, not so trivial

§ Exploratory study: kaon
Mπ≈ 310 MeV
a≈ 0.12 fm
(MπL≈ 4.5)
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Pz = 2.58 GeV

1712.10025 (LP
3
)

෨𝜙imp 𝑥, 𝑃𝑧 =
𝑖

𝑓𝜋
න
𝑑𝑧

2𝜋
𝑒−𝑖 𝑥−1 𝑃𝑧𝑧−𝛿𝑚 𝑧 ℎ𝑀



Kaon Distribution Amplitude
§ Supposed to be the simplest structure to calculate for any 

beyond-moment approach
 In reality, not so trivial

§ Exploratory study: kaon
Mπ≈ 310 MeV
a≈ 0.12 fm
(MπL≈ 4.5)
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Pz ∈ {1.72, 2.15, 2.58} GeV

1712.10025 (LP
3
)

෨𝜙imp 𝑥, 𝑃𝑧 =
𝑖

𝑓𝜋
න
𝑑𝑧

2𝜋
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Kaon Distribution Amplitude
§ Supposed to be the simplest structure to calculate for any 

beyond-moment approach
 In reality, not so trivial

§ Exploratory study: kaon
Mπ≈ 310 MeV
a≈ 0.12 fm
(MπL≈ 4.5)
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Pz ∈ {1.72, 2.15, 2.58} GeV

1712.10025 (LP
3
)

1503.03656(RQCD)

1301.0324 (DSE)

1512.07260 (LFCQM)



Pion Distribution Amplitude
§ Supposed to be the simplest structure to calculate for any 

beyond-moment approach
 In reality, not so trivial

§ Updated study: pion
Mπ≈ 310 MeV
a≈ 0.12 fm
(MπL≈ 4.5)
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Pz ∈ {1.72, 2.15, 2.58} GeV

1712.10025 (LP
3
); 

Larger P
z

than our first PDA 

study in 1702.00008



Pion Distribution Amplitude
§ Supposed to be the simplest structure to calculate for any 

beyond-moment approach
 In reality, not so trivial

§ Updated study: pion
Mπ≈ 310 MeV
a≈ 0.12 fm
(MπL≈ 4.5)
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1712.10025 (LP
3
)

1503.03656(RQCD)

1301.0324 (DSE)

1206.2968 (Belle)

1512.07260 (LFCQM)

Pz ∈ {1.72, 2.15, 2.58} GeV



Pion Distribution Amplitude
§ Supposed to be the simplest structure to calculate for any 

beyond moment approach
 In reality, not so trivial 

§ Position space
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1709.04325(RQCD)

𝜙𝜋
1
𝑢 = 6𝑢 1 − 𝑢

𝜙𝜋
2
𝑢 =

8

𝜋
𝑢(1 − 𝑢)

𝜙𝜋
3
= 1



Pion Distribution Amplitude
§ Supposed to be the simplest structure to calculate for any 

beyond moment approach
 In reality, not so trivial

§ Exploratory study:  Comparison with other approaches

Mπ ≈ 295 MeV, a ≈ 0.07 fm
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Pz ∈ {1.72, 2.15, 2.58} GeV

1709.04325(RQCD)



Pion Distribution Amplitude
§ Supposed to be the simplest structure to calculate for any 

beyond moment approach
 In reality, not so trivial

§ Exploratory study:  Comparison with other approaches
Mπ ≈ 310 MeV, a ≈ 0.12 fm

1712.10025 (LP
3
)

Mπ ≈ 295 MeV, a ≈ 0.07 fm

1709.04325(RQCD)
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Pz ∈ {1.72, 2.15, 2.58} GeV

LP
3



Pion Distribution Amplitude
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Mπ ≈ 310 MeV, a ≈ 0.06 and 0.12 fm
§ No power divergence observed

§ Ongoing investigation
 Finite-volume effects

 Truncation systematic in Fourier transformation is more 
significant in the meson DA case than nucleon PDF

 Not so simple after all

 Future plan: Larger 𝑧𝑃𝑧 to reduce truncation effects

 Smaller lattice spacing needed to avoid lattice artifacts
 𝑎𝑃𝑧

𝑛 errors, 𝑎 ≈ 0.06 fm



SU(3) Symmetry Breaking
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1712.10025 (LP
3
)



Pion PDF

Huey-Wen Lin — PIEIC2018 30



§ Not trivial to calculate in reality either

§ The first lattice exploratory study
Mπ≈ 310 MeV, a≈ 0.12 fm (MπL≈ 4.5)

Pion PDF
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Pz = 1.72 GeV

1804.01483 (LP
3
)

Pz = 0.86 GeV



§ Not trivial to calculate in reality either

§ The first lattice exploratory study
Mπ≈ 310 MeV, a≈ 0.12 fm (MπL≈ 4.5)

§ Study of systematics needed
 Lattice-spacing, finite-volume, larger Pz, … 

Pion PDF
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Pz = 1.72 GeV

1804.01483 (LP
3
)

Pz = 0.86 GeV



§ Not trivial to calculate in reality either

§ The first lattice exploratory study
Mπ≈ 310 MeV, a≈ 0.12 fm (MπL≈ 4.5)

§ Study of systematics needed
 Lattice-spacing, finite-volume, larger Pz, … 

Pion PDF
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1804.01483 (LP
3
)

1602.01502 (DSE)

1009.2481(ASV)



§ Overcoming longstanding obstacle to x-distribution 
 New idea by Ji for studying full x dependence of PDFs

 Promising results on unpolarized and polarized sea asymmetry  

compared with experiments, even at non-physical pion mass

§ Caveats 
 Not a precision calculation yet

 Need to complete the other pz corrections

(on-going; possibly done in a couple weeks)

 Systematics due to large momenta (some ideas to improve it)

§ Need improvement for large-momentum sources
 Better overlapping boosted hadron smearing (asymmetric source)

 Applications: large-q form factors, hadronic and flavor physics, …  

Exciting time for hadron structure on the 
lattice 
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Exciting time for studying structure on the lattice
§ Overcoming longstanding obstacle to full x-distribution 
 Most importantly, this can be done with today’s computer 
 Nucleon PDF seems reasonable 
 First look into the meson PDA and pion PDF

§ More study of systematic uncertainty
is needed for meson structures   

 Finite-volume, larger momentum boost,
finer lattice-spacing ensembles, higher-order matching…

Summary & Outlook
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Challenge = Opportunity 

HPCC@MSU


