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Motivation
Physical space-time = Minkowski space 

Develop  methods in continuous nonperturbative QCD 
within a given dynamical simple framework

Solve the Bethe-Salpeter bound state equation

Observables: spectrum, SL/TL  momentum region

Relation BSA to LF Fock-space expansion of the hadron wf  



3Problems to be addressed
Observables associated with the hadron structure 
in Minkowski Space obtainable from BSA

l parton distributions (pdfs) 

l generalized parton distributions 

l transverse momentum distributions (TMDs) 

l Fragmentation functions

l SL and TL form factors ….

l Inversion Problem: EuclideanàMinkowski
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TMDs  &  PDFs 
FSI gluon exchange: T-odd

Bethe-Salpeter
Amplitude @ x+=0 

q+ = q0+q3 q- = q0-q3
q2 = q+q- -
q2

T

q- →infty   
DIS 

TF & Miller PRD 50 (1994)210
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Light-Front WF (LFWF)
basic ingredient in PDFs, GPDs and TMDs 

• From the valenceà full Fock Space w-f:
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“Parametric representation for any Feynman diagram for 
interacting bosons, with a denominator carrying the overall 
analytical behavior in Minkowski space” (Nakanishi 1962)

Kusaka and Williams, PRD 51 (1995) 7026;
Light-front projection: integration in k-

Carbonell&Karmanov EPJA27(2006)1;EPJA27(2006)11;
TF, Salme, Viviani PRD89(2014) 016010,…
Equivalent to Generalized Stietjes transform 
Carbonell, TF, Karmanov PLB769 (2017) 418

Bethe-Salpeter amplitude

BSE in Minkowski space with NIR for   bosons 

Main Tool: Nakanishi Integral Representation (NIR)
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Generalized Stietjes transform and the LF  valence wave function 
Jaume Carbonell, TF, Vladimir Karmanov PLB769 (2017) 418

UNIQUENESS OF THE NAKANISHI REPRESENTATION 

PHENOMENOLOGICAL APPLICATIONS from  the valence wf → BSA! 
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Gutierrez,  Gigante, TF, Salmè,Viviani, Tomio PLB759 (2016) 131
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Light-front valence wave function L+XL
Large momentum behavior 

Gigante, Nogueira, Ydrefors, Gutierrez, Karmanov, TF, PRD95(2017)056012.



Euclidean space:

• Note: Wick-rotation is the exact analytical continuation of the 
Minkowski space Nakanishi representation of the BS amplitude!
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Gutierrez,  Gigante, TF, Salmè,Viviani, Tomio PLB759 (2016) 131
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Vertex Form-Factor 

Ladder approximation (L): suppression of XL for Nc=3 [A. Nogueira,
CR Ji, Ydrefors, TF, PLB(2017) 1710.04398 [hep-th]]

Carbonell and Karmanov EPJA 46 (2010) 387;

de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901;

Vector

BSE for qqbar: pion
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BS amplitude

NIR for fermion-antifermion: 0- (pion) 

Light-front projection: integration over k- (LF singularities)



Within our LF framework, singular contributions to Lij can be singled out in a

straightforward way, and rigorously evaluated by using well-known results by Yan et al

(PRD 7 (1973) 1780 is one of their papers addressing the field theory in the Infinite

Momentum frame).

For the two-fermion BSE, singularities have generic form:

Cj =

Z 1

�1

dk�

2⇡
(k�

)
j S(k�, v , z , z 0, �, �0

) j = 1, 2, 3

with S(k�, v , z , z 0, �, �0
) explicitly calculable

N.B., in the worst case

S(k�, v , z , z 0, �, �0
) ⇠ 1

[k�]2
for k� ! 1

Then, one cannot close the arc at the 1 for carrying out the needed analytic

integration, but has to deal with a singular behavior on the light-cone, that acquaints

meaning in the realm of the distribution functions ! �(x)

F The severity of the singularities, i.e. the power j , does depend upon the numerator of

the propagators and the structure of the BS amplitude, only

F F The fermion-scalar case is not plagued by singularities of this type.

(INFN) Solving the Homogeneous Bethe-Salpeter Equation in Minkowski space 16 / 25

End-point singularities– more intuitive: can be treated by the pole-dislocation method 
de Melo et al. NPA631 (1998) 574C, PLB708 (2012) 87
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It is easily seen that the analytical integration on k� of

(8) involves integrals like

Cj =
Z 1

�1

dk�

2⇡
(k�)j S(k�, v, z, z0, �, �0

) (11)

with j = 0, 1, 2, 3, as dictated by the content in kµ

of cij(k, k00, p). For k+D 6= 0 and j  3, one can safely

close the arc at infinity, in the complex plane, and get

the non singular contribution to Lij , namely the only

part considered in Ref. [8] (i.e. Eq. (18)).

For describing a two-fermion system or for generaliz-

ing NIR to massive vector constituents, one has to fully

evaluate Cj , carefully analyzing the case when k+D = 0.

One can recognize through a simple counting rule that

the tricky powers are j = 2, 3, even if n > 3 is cho-

sen in (5). In Ref. [13], singularities appearing in the

infinite-momentum-frame quantum field theory are in-

vestigated in details, singling out the following singular

integral, suitable for our purposes,

I(�, y) =
Z 1

�1

dx
h
�x� y ⌥ i✏

i2 = ± 2⇡i �(�)h
�y ⌥ i✏

i (12)

We also need (1/2) @I(�, y)/@y, easily deduced from Eq.

(12). Then, one gets our main result (details in [12]),

namely the singular contribution to Lij , given by

LS
ij = � i

M

1

8⇡2

(µ2 � ⇤
2
)
2

2 (1� z2)

Z 1

0
dv v (1� v)

⇥
n �(z0 � z)
⇣
˜̀
D + Fv

⌘2
˜̀
D

h
a2ij(v) + (1� v)

⇣
d0ij +

M2

4
z d1ij

+
2z(� +m2

)

(1� z2)
d1ij

⌘i
+

d1ij
v

h @

@z0
�(z0 � z)

i
DS

3

o
(13)

where we used �(x)/x = �d�(x)/dx and

˜̀
D = �(1� v) (v� + µ2

)� v
h
�0

+ z2m2
+ (1� z2)2

i

DS
3 =

1

F 2
v

h Fv

`D + Fv
+ ln

⇣ `D
`D + Fv

⌘i
(14)

The derivative of the Dirac delta-function is not an issue,

since in our numerical method for solving the coupled in-

tegral equations (6), after taking into account Eqs. (7),

(13), and the non singular contribution to Lij we expand

the Nakanishi weight functions gi(�0, z.;2
) on a suitable

basis. As in Ref. [5] for two-scalar bound states, the

basis is composed by Laguerre and Gegenbauer polyno-

mials (with the needed weights). It turns out that one

can safely integrate @�(z0 � z)/@z0 by part [12], given

the smoothness of our basis and the boundary property

gi(�0, z0 = ±1;2
) = 0. Then one can obtain an eigen-

problem of the type B v = g2 A v, (with B and A suitable

matrices). In our basis, we have up to 44 Laguerre poly-

nomials (with the same parameters as in Ref. [5]) and 44

TABLE I: The squared scalar coupling constant vs the bind-

ing energy for two masses of the exchanged particle µ/m =

0.15 and µ/m = 0.50. First column: binding energy. Second

column: coupling constant g2 for µ/m = 0.15, obtained by

taking analytically into account the fermionic singularities,

(see text). Third column: results for µ/m = 0.15, from Ref.

[8] with a numerical treatment of the singularities. Fourth

column: the same as the second one, but for µ/m = 0.50.
Fifth column: the same as the third one, but for µ/m = 0.50.
Sixth column: results in Euclidean space from Ref. [10]. In

the vertex form factor it is taken ⇤ = 2, as in [8] and [10].

µ/m = 0.15 µ/m = 0.50

B/m g2dFSV (full) g2CK g2dFSV (full) g2CK g2E
0.01 7.844 7.813 25.327 25.23 -

0.02 10.040 10.05 29.487 29.49 -

0.04 13.675 13.69 36.183 36.19 36.19

0.05 15.336 15.35 39.178 39.19 39.18

0.10 23.122 23.12 52.817 52.82 -

0.20 38.324 38.32 78.259 78.25 -

0.40 71.060 71.07 130.177 130.7 130.3

0.50 88.964 86.95 157.419 157.4 157.5

1.00 187.855 - 295.61 - -

1.40 254.483 - 379.48 - -

1.80 288.31 - 421.05 - -

Gegenbauer ones, with indexes equal to 5/2, 7/2, 7/2, 7/2
for gi(�0, z.;2

) with i = 1, 2, 3, 4, respectively. Moreover,

the small quantity to be added to Aii holds ✏ = 10
�7

, and

the number of Gaussian points is 120, that becomes 180

for analyzing the case when the binding energy, in unit

of m, B/m = 2�M/m is equal to 0.01.
In the studies of BSE, it is customary to assign a value

to the binding energy B/m, and, in correspondence, look

for an eigenvalue g2. If the eigenvalue exists then the

whole procedure is validated. Tables I (scalar coupling)

and II (pseudoscalar coupling) show the comparison be-

tween the values of g2 obtained within our approach,

where the singularities have been singled out and analyt-

ically evaluated, and both (i) the calculations by Ref. [8],

where a non trivial numerical treatment of the singular

behaviors was introduced (without recognizing the pos-

sibility of a systematic analysis of the singularities as in

[13]) and (ii) the available numerical results in Euclidean

space [10], with a suitable number of digits.

Notably, we were also able to extend our calculation

up to B/m ⇠ 2, namely when the expected critical be-

havior of a �3
theory manifests itself [14], i.e. where

@B/@g2 ! 1. This is well illustrated in Fig. 1, where

the comparison between our calculations for the vector

coupling and the ones by [8] is also shown.

The achieved full agreement, within the adopted nu-

merical accuracy, strongly supports the validity of our an-

alytical method for treating the singularities that plague

End-point singularities: 
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Numerical comparison: Scalar coupling

µ/m = 0.15 µ/m = 0.50

B/m g 2
dFSV (full) g 2

CK g 2
dFSV (full) g 2

CK g 2
E

0.01 7.844 7.813 25.327 25.23 -
0.02 10.040 10.05 29.487 29.49 -
0.04 13.675 13.69 36.183 36.19 36.19
0.05 15.336 15.35 39.178 39.19 39.18
0.10 23.122 23.12 52.817 52.82 -
0.20 38.324 38.32 78.259 78.25 -
0.40 71.060 71.07 130.177 130.7 130.3
0.50 88.964 86.95 157.419 157.4 157.5
1.00 187.855 - 295.61 - -
1.40 254.483 - 379.48 - -
1.80 288.31 - 421.05 - -

First column: binding energy.

Red digits: coupling constant g2
for µ/m = 0.15 and 0.50, with the

analytical treatment of the fermionic singularities (present work). -

Black digits: results for µ/m = 0.15 and 0.50, with a numerical treatment

of the singularities (Carbonell & Karmanov EPJA 46, (2010) 387).
Blue digits: results in Euclidean space from Dorkin et al FBS. 42 (2008) 1.

(ITA-INFN) Two-fermion BSE in Minkowski space 22 / 26
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de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901;

Scalar boson exchange
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Massless vector exchange:  high-momentum tails

Power one is expected for the pion valence amplitude: 

X Ji et al, PRL 90 (2003) 241601. 

de Paula, TF,Salmè, Viviani PRD 94 (2016) 071901;
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PION MODEL
W. de Paula, TF, Pimentel, Salmè, Viviani, EPJC 77 (2017) 764

l Gluon effective mass ~ 500 MeV – Landau Gauge LQCD
[Oliveira, Bicudo, JPG 38 (2011) 045003;  
Duarte, Oliveira, Silva,  Phys. Rev. D 94 (2016) 01450240]

l Mquark = 250 MeV 
[Parappilly, et al, PR D73 (2006) 054504]

l Λ/m =1, 2, 3
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2

1

3

4

f⇡ = 150MeV
<latexit sha1_base64="YVYuDGTIShn7tisbvACUoRdOCss=">AAACAnicbVDJSgNBEO2JW4xb1JN4GQyChxBmRNGLEPTiRYhgFsgMQ0+nJmnSs9BdI4YhePFXvHhQxKtf4c2/sbMcNPFBweO9Kqrq+YngCi3r28gtLC4tr+RXC2vrG5tbxe2dhopTyaDOYhHLlk8VCB5BHTkKaCUSaOgLaPr9q5HfvAepeBzd4SABN6TdiAecUdSSV9wLPCfhTvnCKdunllN2EB4wu4HG0CuWrIo1hjlP7CkpkSlqXvHL6cQsDSFCJqhSbdtK0M2oRM4EDAtOqiChrE+70NY0oiEoNxu/MDQPtdIxg1jqitAcq78nMhoqNQh93RlS7KlZbyT+57VTDM7djEdJihCxyaIgFSbG5igPs8MlMBQDTSiTXN9qsh6VlKFOraBDsGdfnieN44ptVezbk1L1chpHnuyTA3JEbHJGquSa1EidMPJInskreTOejBfj3fiYtOaM6cwu+QPj8wduhpYr</latexit><latexit sha1_base64="YVYuDGTIShn7tisbvACUoRdOCss=">AAACAnicbVDJSgNBEO2JW4xb1JN4GQyChxBmRNGLEPTiRYhgFsgMQ0+nJmnSs9BdI4YhePFXvHhQxKtf4c2/sbMcNPFBweO9Kqrq+YngCi3r28gtLC4tr+RXC2vrG5tbxe2dhopTyaDOYhHLlk8VCB5BHTkKaCUSaOgLaPr9q5HfvAepeBzd4SABN6TdiAecUdSSV9wLPCfhTvnCKdunllN2EB4wu4HG0CuWrIo1hjlP7CkpkSlqXvHL6cQsDSFCJqhSbdtK0M2oRM4EDAtOqiChrE+70NY0oiEoNxu/MDQPtdIxg1jqitAcq78nMhoqNQh93RlS7KlZbyT+57VTDM7djEdJihCxyaIgFSbG5igPs8MlMBQDTSiTXN9qsh6VlKFOraBDsGdfnieN44ptVezbk1L1chpHnuyTA3JEbHJGquSa1EidMPJInskreTOejBfj3fiYtOaM6cwu+QPj8wduhpYr</latexit><latexit sha1_base64="YVYuDGTIShn7tisbvACUoRdOCss=">AAACAnicbVDJSgNBEO2JW4xb1JN4GQyChxBmRNGLEPTiRYhgFsgMQ0+nJmnSs9BdI4YhePFXvHhQxKtf4c2/sbMcNPFBweO9Kqrq+YngCi3r28gtLC4tr+RXC2vrG5tbxe2dhopTyaDOYhHLlk8VCB5BHTkKaCUSaOgLaPr9q5HfvAepeBzd4SABN6TdiAecUdSSV9wLPCfhTvnCKdunllN2EB4wu4HG0CuWrIo1hjlP7CkpkSlqXvHL6cQsDSFCJqhSbdtK0M2oRM4EDAtOqiChrE+70NY0oiEoNxu/MDQPtdIxg1jqitAcq78nMhoqNQh93RlS7KlZbyT+57VTDM7djEdJihCxyaIgFSbG5igPs8MlMBQDTSiTXN9qsh6VlKFOraBDsGdfnieN44ptVezbk1L1chpHnuyTA3JEbHJGquSa1EidMPJInskreTOejBfj3fiYtOaM6cwu+QPj8wduhpYr</latexit><latexit sha1_base64="YVYuDGTIShn7tisbvACUoRdOCss=">AAACAnicbVDJSgNBEO2JW4xb1JN4GQyChxBmRNGLEPTiRYhgFsgMQ0+nJmnSs9BdI4YhePFXvHhQxKtf4c2/sbMcNPFBweO9Kqrq+YngCi3r28gtLC4tr+RXC2vrG5tbxe2dhopTyaDOYhHLlk8VCB5BHTkKaCUSaOgLaPr9q5HfvAepeBzd4SABN6TdiAecUdSSV9wLPCfhTvnCKdunllN2EB4wu4HG0CuWrIo1hjlP7CkpkSlqXvHL6cQsDSFCJqhSbdtK0M2oRM4EDAtOqiChrE+70NY0oiEoNxu/MDQPtdIxg1jqitAcq78nMhoqNQh93RlS7KlZbyT+57VTDM7djEdJihCxyaIgFSbG5igPs8MlMBQDTSiTXN9qsh6VlKFOraBDsGdfnieN44ptVezbk1L1chpHnuyTA3JEbHJGquSa1EidMPJInskreTOejBfj3fiYtOaM6cwu+QPj8wduhpYr</latexit>



3D LF amplitudes

Dynamical observables: the LFWF components;
(B/m = 1.35, µ/m = 2.0, L/m = 1.0, mq=215 MeV): fp = 96 MeV,
Pval = 0.34
Other observables are straightforward to compute once you have
BS amplitude solution;

J. Nogueira (ITA, Brazil / ’La Sapienza’, Italy) Few-body with BSE 16 / 19
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3D LF amplitudes

Dynamical observables: the LFWF components;
(B/m = 1.35, µ/m = 2.0, L/m = 1.0, mq=215 MeV): fp = 96 MeV,
Pval = 0.34
Other observables are straightforward to compute once you have
BS amplitude solution;

J. Nogueira (ITA, Brazil / ’La Sapienza’, Italy) Few-body with BSE 16 / 19

0.68

Light-front amplitudes
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Valence distribution functions  

Valence probability:

W. de Paula, et. al, in preparation



24

Valence probability

Lot of room for the higher LF Fock components of the wave function to manifest!

0.96
0.78
0.68

0.96
0.84
0.68
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Valence distribution functions: longitudinal and transverse

Mquark 187 MeV

Mgluon 28 MeV

Λ/m =2

Pval=0.64

Mquark 187 MeV

Mgluon 280 MeV

Λ/m =2

Pval=0.78

f⇡ = 77MeV
<latexit sha1_base64="iRYLaOUi+JC4bGSHLNKrcZF5r/I=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyChxBmRIgXIejFixDBLJAJoadTkzTpWeiuEcMQvPgrXjwo4tWv8Obf2FkOmvig4PFeFVX1vFgKjbb9bWWWlldW17LruY3Nre2d/O5eXUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzB1dhv3IPSIgrvcBhDO2C9UPiCMzRSJ3/gd9xYuMULt1guU7foIjxgegP1USdfsEv2BHSRODNSIDNUO/kvtxvxJIAQuWRatxw7xnbKFAouYZRzEw0x4wPWg5ahIQtAt9PJCyN6bJQu9SNlKkQ6UX9PpCzQehh4pjNg2Nfz3lj8z2sl6J+3UxHGCULIp4v8RFKM6DgP2hUKOMqhIYwrYW6lvM8U42hSy5kQnPmXF0n9tOTYJef2rFC5nMWRJYfkiJwQh5RJhVyTKqkRTh7JM3klb9aT9WK9Wx/T1ow1m9knf2B9/gBiFJYj</latexit><latexit sha1_base64="iRYLaOUi+JC4bGSHLNKrcZF5r/I=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyChxBmRIgXIejFixDBLJAJoadTkzTpWeiuEcMQvPgrXjwo4tWv8Obf2FkOmvig4PFeFVX1vFgKjbb9bWWWlldW17LruY3Nre2d/O5eXUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzB1dhv3IPSIgrvcBhDO2C9UPiCMzRSJ3/gd9xYuMULt1guU7foIjxgegP1USdfsEv2BHSRODNSIDNUO/kvtxvxJIAQuWRatxw7xnbKFAouYZRzEw0x4wPWg5ahIQtAt9PJCyN6bJQu9SNlKkQ6UX9PpCzQehh4pjNg2Nfz3lj8z2sl6J+3UxHGCULIp4v8RFKM6DgP2hUKOMqhIYwrYW6lvM8U42hSy5kQnPmXF0n9tOTYJef2rFC5nMWRJYfkiJwQh5RJhVyTKqkRTh7JM3klb9aT9WK9Wx/T1ow1m9knf2B9/gBiFJYj</latexit><latexit sha1_base64="iRYLaOUi+JC4bGSHLNKrcZF5r/I=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyChxBmRIgXIejFixDBLJAJoadTkzTpWeiuEcMQvPgrXjwo4tWv8Obf2FkOmvig4PFeFVX1vFgKjbb9bWWWlldW17LruY3Nre2d/O5eXUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzB1dhv3IPSIgrvcBhDO2C9UPiCMzRSJ3/gd9xYuMULt1guU7foIjxgegP1USdfsEv2BHSRODNSIDNUO/kvtxvxJIAQuWRatxw7xnbKFAouYZRzEw0x4wPWg5ahIQtAt9PJCyN6bJQu9SNlKkQ6UX9PpCzQehh4pjNg2Nfz3lj8z2sl6J+3UxHGCULIp4v8RFKM6DgP2hUKOMqhIYwrYW6lvM8U42hSy5kQnPmXF0n9tOTYJef2rFC5nMWRJYfkiJwQh5RJhVyTKqkRTh7JM3klb9aT9WK9Wx/T1ow1m9knf2B9/gBiFJYj</latexit><latexit sha1_base64="iRYLaOUi+JC4bGSHLNKrcZF5r/I=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyChxBmRIgXIejFixDBLJAJoadTkzTpWeiuEcMQvPgrXjwo4tWv8Obf2FkOmvig4PFeFVX1vFgKjbb9bWWWlldW17LruY3Nre2d/O5eXUeJ4lDjkYxU02MapAihhgIlNGMFLPAkNLzB1dhv3IPSIgrvcBhDO2C9UPiCMzRSJ3/gd9xYuMULt1guU7foIjxgegP1USdfsEv2BHSRODNSIDNUO/kvtxvxJIAQuWRatxw7xnbKFAouYZRzEw0x4wPWg5ahIQtAt9PJCyN6bJQu9SNlKkQ6UX9PpCzQehh4pjNg2Nfz3lj8z2sl6J+3UxHGCULIp4v8RFKM6DgP2hUKOMqhIYwrYW6lvM8U42hSy5kQnPmXF0n9tOTYJef2rFC5nMWRJYfkiJwQh5RJhVyTKqkRTh7JM3klb9aT9WK9Wx/T1ow1m9knf2B9/gBiFJYj</latexit>
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shown in [14] that the non-planar diagrams, like e.g. the cross-
ladder, have a vanishing contribution in the limit Nc → ∞, where 
Nc is the number of colors. SU (N)c theories of QCD in 1 + 1 di-
mensions have been extensively studied by ’t Hooft [15] and also 
by Hornbostel et al. [16].

In this work, we consider a scalar QCD model to study a proto-
type of a flavor nonsinglet meson system of a scalar-quark and a 
scalar-antiquark with equal masses exchanging a scalar-gluon of 
different mass in 3 + 1 dimensions. This is obtained by adding 
the appropriate color factors in the manifestly covariant BSE and 
its light-front projection. We study quantitatively the suppression 
of the contribution coming from the cross-ladder interaction ker-
nel in the nonperturbative problem of the color singlet two-boson 
bound state mass and structure, due to the color factors in the ker-
nel for different number of colors Nc = N with N = 2, 3, 4. The 
effects of the non-planar cross-ladder interaction kernel on the 
coupling constant for a given bound state mass as well as in light-
front wave function, and the elastic electromagnetic form factor 
are studied in detail.

This work is organized as follows. In Sec. 2 we briefly introduce 
the Bethe–Salpeter equation and the Nakanishi integral represen-
tation. The formalism for introducing the color factors is also pre-
sented. Then, in Sec. 3 we discuss our numerical results for the 
coupling constants for a given bound state mass, the light-front 
wave function and the elastic electromagnetic form factor. Finally, 
in Sec. 4 we summarize our work and give an outlook.

2. Theoretical framework

2.1. Bethe–Salpeter equation

The Bethe–Salpeter equation (BSE) in Minkowski space, for two 
spinless particles, reads:

!(k, p) = S(η1p + k)S(η2p −k)
∫

d4k′

(2π)4
iK (k,k′, p)!(k′, p),

(1)

where the propagators S(p′) are in general dressed and can be 
represented by the Källen–Lehmann spectral representation as

S(p′) =
∞∫

0

dγ
ρ(γ )

p′ 2 −γ + iϵ
, (2)

which raise up the following

!(k, p) =
∞∫

0

dγ
ρ(γ )

(η1p + k)2 −γ + iϵ

∞∫

0

dγ ′ ρ(γ ′)
(η2p −k)2 −γ ′ + iϵ

×
∫

d4k′

(2π)4
iK (k,k′, p)!(k′, p), (3)

where in the interaction kernel, K (k, k′, p), the exchanged boson 
is in general also dressed. For a prototype of flavor nonsinglet 
meson system, K (k, k′, p) does not get complicated by the annihi-
lation process, but it keeps the usual ladder and cross-ladder irre-
ducible kernels, which have been extensively discussed in Refs. [2]
and [13]. The idea of our paper is to start exploring the effects of 
color degrees of freedom on the non-planar diagrams in the sim-
plest possible way, without considering dressed propagators. For 
that purpose we put ρ(γ ) = δ(γ −m2), which gives

!(k, p) = i2[
( p
2 + k)2 −m2 + iϵ

] [
( p
2 −k)2 −m2 + iϵ

]

×
∫

d4k′

(2π)4
iK (k,k′, p)!(k′, p), (4)

where the interaction kernel K is given by a sum of irreducible 
Feynman diagrams and considering the equal partition for the mo-
mentum fraction η1 = η2 = 1/2. The ladder kernel is considered 
in most of works, but here we also incorporate the cross-ladder 
contribution.

The Bethe–Salpeter (BS) amplitude can be found in the form of 
the Nakanishi integral representation [8,9]:

!(k, p) = −i

1∫

−1

dz

∞∫

0

dγ
g(γ , z)

[
γ +m2 −1

4M
2 −k2 −p · k z −iϵ

]3 .

(5)

The weight function g(γ , z) is non-singular, whereas the singu-
larities of the BS amplitude are fully reproduced by this integral. 
The BS amplitude in the form (5) is then substituted into the BS 
equation (4) and after some mathematical transformations, namely 
upon integration in k− = k0 −k3 on both sides of the BS equa-
tion, one obtains the following non-singular integral equation for 
g(γ , z) [13]:

∞∫

0

g(γ ′, z)dγ ′
[
γ ′ + γ + z2m2 + (1−z2)κ2

]2

=
∞∫

0

dγ ′
1∫

−1

dz′ V (γ , z,γ ′, z′)g(γ ′, z′), (6)

where for bound states κ2 =m2 −1
4M

2 > 0 and V is expressed in 
terms of the kernel K [12].

Furthermore, the s-wave valence light-front wave function can 
be computed from

)LF(γ , z) = 1−z2

4

∞∫

0

g(γ ′, z)dγ ′

[γ ′ + γ + z2m2 + (1−z2)κ2]2 , (7)

derived in Ref. [10].

2.2. Scalar QCD

The extension of the BSE to a scalar QCD model is obtained 
simply by introducing the color matrices in the interaction vertices 
appearing in the kernel diagrams. The Feynman rules are first used 
and then the kernel dependence on N is derived by performing 
the trace of the product of Gell-Mann matrices, corresponding to 
a colorless composite two-boson system. For the ladder kernel this 
computation is straightforward:

tr[(λa) ji(λ
a)i j] =

∑

a

(λa) ji(λ
a)i j =

1
2

3∑

i, j=1

(
δ j jδii −

1
N

δ jiδi j

)

= 1
2

(

N2 − 1
N

3∑

i=1

δii

)

= N2 −1
2

, (8)

where the internal boson line factors have been replaced by the 
corresponding SU (N) projection operators (see Ref. [17]). As can 
be seen in Fig. 1, the color factors are given by (λa)i j(λa)kj′ and 
(λb) jk(λb) j′ i , and they read
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where the internal boson line factors have been replaced by the 
corresponding SU (N) projection operators (see Ref. [17]). As can 
be seen in Fig. 1, the color factors are given by (λa)i j(λa)kj′ and 
(λb) jk(λb) j′ i , and they read
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The pion is the Goldston Boson of the dynamical chiral symmetry breaking
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in order that axial vector Ward Identity is fulfilled. 
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Fig. 3. Pion model electromagnetic form factor as a function of the space-like momentum transfer, Q 2 = −q2, compared to the experimental values: Amendolia et al. [70], 
Baldini et al. [71], Volmer et al. [72], Horn et al. [73], Tadevosyan et al. [74] Huber et al. [75]. In the left frame it is presented the results normalized to the dipole form 
factor, Fπ (Q 2)(1 + Q 2/(0.77 GeV)2), and in the right frame Q 2 Fπ (Q 2).

in the Landau gauge [37] show Z(k2) about 0.7 at low momentum, 
Z(k2) ∼ 0.9 at 1 GeV and monotonically increases to one in the 
ultraviolet region. The net effect of the quark wave function renor-
malization is to damp the propagator in the infrared. This property 
should be reflected in the form factor, which is normalized to the 
pion charge. The main contribution to the integrand of the form 
factor expression, Eq. (36), comes from the loop integral in the 
low momentum region, therefore the quark wave function renor-
malization will enhance the relative importance of the integrand 
in the ultraviolet region with respect to the infrared one. As the 
form factor integrand goes as ∼ k−7 in the ultraviolet region and 
considering the charge normalization, we expect that the effect of 
Z(k2) will be washed out for low-momentum transfers, as well 
as for the decay constant. However, when the momentum trans-
fer is large the form factor goes as ∼ q−2 (cf. Fig. 3) suggesting the 
company of a factor Z(q2), which would be reflected in a slight 
increase of the results compared to the one we showed. In this re-
spect it will be desirable to have data with smaller errors, then the 
ones available for large momentum transfers.

9. Summary

The Minkowski space Bethe–Salpeter amplitude for the pion is 
introduced, based on a model of the quark propagator with self-
energy. The model deals only with a running quark mass, that 
in the chiral limit, namely zero current quark mass, due to the 
axial-vector Ward–Takahashi identity is associated with the pseu-
doscalar component of the vertex function (see e.g. [6]). In this 
case our ansatz for the vertex function is the mass function, apart a 
normalization factor. The running quark mass model [52] has three 
parameters obtained from the fit to the Euclidean Lattice QCD re-
sults in the space-like momentum region [37]. The quark mass 
function has a single pole in the time like region at 0.846 GeV, in-
cludes a current quark mass of 0.014 GeV, and a third scale param-
eter that provides the value of the quark mass at zero momentum 
of 0.278 GeV. The quark propagator with the mass function model 
was decomposed in a form with three single poles, one is placed 
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Salpeter equation in Minkowski space (see e.g. [50]).
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sure current conservation, the quark electromagnetic current was 
constructed from the self-energy in order to fulfill the Ward–
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variables with the plus component of the axial-vector and vec-
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The proposed ansatz generalizes previous models of the pion 
Bethe–Salpeter amplitude [30,31,35,36,57] by taking into account 
the quark self-energy in the fermion–antifermion–pion vertex and 
in the quark propagators, important for further applications to 
compute generalized parton distributions [36] and also the trans-
verse pion structure [24,58]. In addition the present model pro-
vides further insights on the valence wave function of the pion, 
which is extracted from the integral representation by projecting 
the BS amplitude on to the light-front (see e.g. [76,47]), allowing 
to access the rich body of parton distribution functions, envisaged 
in future applications.
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dom starting from an analytical form of the Bethe–Salpeter (BS) 
amplitude and with the Mandelstam formula compute the electro-
magnetic form factors, like in the case of the ρ-meson [27–29], 
for pseudoscalar mesons (see e.g. [30–33]), transition form fac-
tors between pseudoscalar and vector mesons [34] and generalized 
parton distributions [35,36]. A common feature of these models is 
a constituent quark mass independent of the momentum. On the 
other hand, Euclidean Lattice QCD calculations predict for the light 
quarks a running self-energy with momentum, which at infrared 
scales gives a value compatible with the constituent quark mass 
of about 0.3 GeV. Therefore, phenomenological models defined in 
Minkowski space could profit from using a running quark mass, 
with the proviso that it should be consistent with the ab-initio 
lattice QCD calculations on the Euclidean space for space-like mo-
mentum [37]. Progress in building the bridge between Euclidean 
and Minkowski space calculations have been achieved recently, 
namely, the pion light-front wave function was found from the dy-
namical chiral symmetry breaking [38], the distribution amplitude 
from lattice QCD results [39] and the pion electromagnetic form 
factor on the entire domain of space-like momentum transfer us-
ing the Dyson–Schwinger equation framework applied to QCD [40].

From the general point of view, integral representations of the 
two and three-point functions, i.e. the Källén–Lehmann spectral 
representation [41] and the Nakanishi integral representation [42]
respectively, are an useful tool to enlarge the applicability of Eu-
clidean calculations, like the ones obtained in lattice QCD to built 
the Minkowski space amplitudes. Indeed, recently it was used the 
Källén–Lehmann (KL) representation to obtain the spectral den-
sity from the lattice QCD gluon propagator in the space-like region 
through the solution of an ill-posed problem [43]. It was checked 
that the violation of the positivity constraint of the spectral density 
happens and the absence of gluons from the asymptotic spectrum 
of the theory. Similar conclusion was already found from the solu-
tion of Dyson–Schwinger equations for the gluon propagator [44]. 
With respect to the BS amplitude, the Nakanishi integral represen-
tation (NIR) allied to the light-front projection was applied to solve 
nonperturbative problems in the Minkowski space, as the bound 
state solution of the BS equation in scalar models [45,46], for two 
fermions [47] and the scattering [48,49]. It was also used to inves-
tigate the bound-state structure in Minkowski space starting from 
the BS amplitude [50], where in particular the analytic extension 
of the integral representation to the Euclidean space was carefully 
checked. It would be desirable to perform the study of hadron 
structure using the Nakanishi representation of the BS amplitude 
by extending Euclidean calculations to the Minkowski space with 
a gain in the understanding of the associated observables.

In this work, we focus on the pion structure in Minkowski space 
described in terms of an analytic model of the Bethe–Salpeter am-
plitude combined with Euclidean Lattice QCD results. The model 
takes into account the running quark mass, which will be fitted 
to Lattice QCD data for space-like momentum in the Landau gauge 
[37]. The mass function ansatz has a single pole form added to 
the current quark mass (see e.g. [51,52]), from that we build the 
quark propagator, which is analyzed through the KL spectral rep-
resentation and we will show that the positivity constraints are 
violated. After that, the pion BS amplitude will be built relying on 
the pseudoscalar vertex component, which is directly associated 
to the quark mass function, as dictated by the dynamical chiral 
symmetry breaking requirements in the limit of vanishing current 
quark mass, due to the axial-vector Ward–Takahashi identity (see 
e.g. [6]). Furthermore, the Nakanishi integral representation of the 
pion Bethe–Salpeter amplitude considering the running quark mass 
will be derived, which generalizes the model proposed in [36]. 
The performance of the ansatz is tested against the experimen-
tal data for the pion decay constant and space-like electromag-

netic form factor, and the quark electromagnetic current will be 
derived constrained by the Ward–Takahashi identity to ensure cur-
rent conservation. The proposed ansatz goes beyond previous pion 
BS amplitude models [30,31,35,56,57] by taking into account the 
quark self-energy in the fermion–antifermion–pion vertex and in 
the quark propagators. We believe that improvement is important 
for further applications to compute Minkowski space observables 
associated to the pion light-front wave function, as the generalized 
parton distributions [36] and the transverse pion structure [24,58].

2. Quark model propagator

In general the quark propagator can be written as:

S F (k) = ı Z(k2)
[
/k − M(k2) + ıϵ

]−1
(1)

and it is gauge dependent, while the observables we computed 
are not. In addition, the dynamical mass function M(k2) is 
renormalization-point-independent (see e.g. [53]).

Our model is built to fit the quark propagator in the space-like 
region obtained from Lattice QCD calculations in the Landau gauge 
[37]. This choice is quite popular as it is a smooth gauge in the 
sense that preserves the Lorentz invariance of QCD. The lattice cal-
culations from [37] have two degenerate light u and d quarks and 
a heavier one for the strange quark. This simulation used config-
urations from an improved staggered “Asqtad” action at β = 7.09, 
and our fit uses the result closest to the chiral limit among the 
light bare-quark mass calculations. As a simplification, we do not 
consider the momentum dependence of the quark wave function 
renormalization factor, Z(k2) = 1, and the adopted dressed quark 
propagator is

S F (k) = ı
[
/k − M(k2) + ıϵ

]−1
. (2)

This ansatz suggested long ago [59–62] simplifies our calculations 
of the pion electroweak observables in Minkowski space. We note 
that Lattice QCD results [37] shows some momentum dependence 
in Z(k2), that has a value of about 0.7 close to k2 = 0. In addition 
we use the following mass function parametrization,

M(k2) =m0 −m3
[
k2 − λ2 + iϵ

]−1
, (3)

already applied to fit Lattice QCD calculations [52]. The parameters 
of the running mass function are given by

m0 = 0.014 GeV, m = 0.574 GeV and λ = 0.846 GeV, (4)

which are close to the ones used in [52]. The parameters we use 
fit the experimental pion charge radius and provides fπ close to 
the experimental value, as we will present in our result section. 
The running quark mass function with our choice of parameters is 
shown in Fig. 1 and compared to Lattice QCD calculations [37]. We 
observe that our results are quite close to the lattice results con-
sidering the attributed errors. For comparison we also show the fit 
given in Ref. [51], with a more sophisticated parametrization in-
cluding log’s, which in the present model we didn’t consider with 
the sake to simplify the loop integrations in Minkowski space as-
sociated with the pion electroweak observables.

The model has quark propagator poles for m2
i = M2(m2

i ) (i la-
bels the pole position), which are given by solving the cubic equa-
tions:

mi

(
m2

i − λ2
)

= ±
[
m0

(
m2

i − λ2
)

−m3
]

, (5)

which allows to factorize the denominator of the quark model 
propagator as
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tion of Dyson–Schwinger equations for the gluon propagator [44]. 
With respect to the BS amplitude, the Nakanishi integral represen-
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of the integral representation to the Euclidean space was carefully 
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[37]. The mass function ansatz has a single pole form added to 
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netic form factor, and the quark electromagnetic current will be 
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2. Quark model propagator

In general the quark propagator can be written as:

S F (k) = ı Z(k2)
[
/k − M(k2) + ıϵ

]−1
(1)

and it is gauge dependent, while the observables we computed 
are not. In addition, the dynamical mass function M(k2) is 
renormalization-point-independent (see e.g. [53]).

Our model is built to fit the quark propagator in the space-like 
region obtained from Lattice QCD calculations in the Landau gauge 
[37]. This choice is quite popular as it is a smooth gauge in the 
sense that preserves the Lorentz invariance of QCD. The lattice cal-
culations from [37] have two degenerate light u and d quarks and 
a heavier one for the strange quark. This simulation used config-
urations from an improved staggered “Asqtad” action at β = 7.09, 
and our fit uses the result closest to the chiral limit among the 
light bare-quark mass calculations. As a simplification, we do not 
consider the momentum dependence of the quark wave function 
renormalization factor, Z(k2) = 1, and the adopted dressed quark 
propagator is

S F (k) = ı
[
/k − M(k2) + ıϵ

]−1
. (2)

This ansatz suggested long ago [59–62] simplifies our calculations 
of the pion electroweak observables in Minkowski space. We note 
that Lattice QCD results [37] shows some momentum dependence 
in Z(k2), that has a value of about 0.7 close to k2 = 0. In addition 
we use the following mass function parametrization,

M(k2) =m0 −m3
[
k2 − λ2 + iϵ

]−1
, (3)

already applied to fit Lattice QCD calculations [52]. The parameters 
of the running mass function are given by

m0 = 0.014 GeV, m = 0.574 GeV and λ = 0.846 GeV, (4)

which are close to the ones used in [52]. The parameters we use 
fit the experimental pion charge radius and provides fπ close to 
the experimental value, as we will present in our result section. 
The running quark mass function with our choice of parameters is 
shown in Fig. 1 and compared to Lattice QCD calculations [37]. We 
observe that our results are quite close to the lattice results con-
sidering the attributed errors. For comparison we also show the fit 
given in Ref. [51], with a more sophisticated parametrization in-
cluding log’s, which in the present model we didn’t consider with 
the sake to simplify the loop integrations in Minkowski space as-
sociated with the pion electroweak observables.

The model has quark propagator poles for m2
i = M2(m2

i ) (i la-
bels the pole position), which are given by solving the cubic equa-
tions:

mi

(
m2

i − λ2
)

= ±
[
m0

(
m2

i − λ2
)

−m3
]

, (5)

which allows to factorize the denominator of the quark model 
propagator as
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the isovector and pseudoscalar channel the BS vertex has the gen-
eral form:

!π (k; P ) = γ5[ıEπ (k; P ) + /P Fπ (k; P ) + kµPµ /kGπ (k; P )

+ σµνkµPνHπ (k; P )] , (18)

where P2 = m2
π . In our calculations we consider the chiral limit, 

where the current quark mass vanishes and mπ = 0. In this case 
the pion vertex can be written as (see e.g. [6,38]):

fπ Eπ (k, P ) = M(k2)/
√

Z(k2) , (19)

where fπ is the pion electroweak decay constant and only the 
scalar part of the quark self-energy appears in the above equal-
ity.

The present model for the pion BSA, which incorporates the ef-
fects from quark dressing and dynamical chiral symmetry breaking, 
through the running mass, is written as:

ψπ (k; P ) = S F (k + P/2)!π (k; P ) S F (k − P/2), (20)

where the quarks are in a colorless state and k is the relative mo-
mentum.

We consider the chiral limit, namely the current quark mass 
vanishes (m0 = 0) and mπ = 0, where only the contribution of the 
pseudoscalar Dirac matrix survives in the vertex, which simplifies 
even further the model, giving that

!π (k; P ) = ıN γ5 M(k2)|m0= 0 , (21)

where N is the normalization constant found by imposing that 
the electromagnetic form factor is 1 for zero momentum trans-
fer. Then, introducing the factorized form of the quark propagator 
(6) and the vertex function (21) in the pion BSA (20), the present 
model reads:

ψπ (k; P )

= −
(
(k + P

2 )2 − λ2)2 (/k + /P
2 +m0) −

(
(k + P

2 )2 − λ2) m3

∏
i= 1,3((k + P

2 )2 −m2
i + ıϵ)

× N γ5m3

k2 − λ2 + ıϵ

×
(
(k − P

2 )2 − λ2)2 (/k − /P
2 +m0) −

(
(k − P

2 )2 − λ2) m3

∏
i= 1,3((k − P

2 )2 −m2
i + ıϵ)

.

(22)

The position of the time-like poles, namely mi are computed from 
the model parameters m, m0 and λ, determined from the fit to the 
LQCD results for the running quark mass for space-like momen-
tum, as shown in Fig. 1.

We point out that the choice of the vertex function (21) turns 
the loop integrals for the electromagnetic form factor and decay 
constant finite, and eliminates the log-type divergences for ultravi-
olet momentum, which appear when the quark mass and vertex go 
to constant values. Although the running mass of the quark goes to 
m0 for large momentum, the vertex function decreases fast enough 
as ∼ 1/k2, which kills the log-type divergence in the loop integrals.

One should compare with previous models of the pion BSA 
from [31,35,36]. These pion models are summarized by the for-
mula:

ψπ (k; P ) = − /k + /P
2 + Mq

(k + P
2 )2 − M2

q + ıϵ
γ5 )π (k, P )

× /k − /P
2 + Mq

(k − P
2 )2 − M2

q + ıϵ
, (23)

Fig. 1. The running quark mass, Eq. (3), as a function of the Euclidean momentum 
p = √−pµpµ , with parameters from (4), is given by the solid line and compared to 
lattice QCD calculations from [37]. The dashed line shows the parametrization used 
in reference [51].

where Mq is a constituent quark mass, and the momentum com-
ponent of the vertex, )π (k, P ) is defined in terms of Pauli–Villars 
regulators:

)π (k, P ) = N

[
1

(k + P
2 )2 −m2

R + ıϵ
+ 1

(k − P
2 )2 −m2

R + ıϵ

]

(24)

for the ansatz from Ref. [31], and

)π (k, P ) = N
1

[
(k + P

2 )2 −m2
R + ıϵ

]
1

[
(k − P

2 )2 −m2
R + ıϵ

] (25)

for the product ansatz used in Ref. [35] and recently in [36] to 
compute the pion generalized parton distributions.

It is worthwhile to point out that the Nakanishi integral rep-
resentation [42] was used as a tool to explore the bound-state 
solution of the Bethe–Salpeter equation for bosons ground state 
[45,46] and excited states [50], for bound state of fermions [47]
and continuum [48,49].

4. Integral representation of the BSA

In order to introduce the integral representation for our model, 
we use the following useful identity:

1
((k + p

2 )2 − µ′ 2 + ıϵ)(k2 − λ2 + ıϵ)(k − p
2 )2 − µ2 + ıϵ)

=

=
+∞∫

−∞
dγ

1∫

−1

dz
g(γ , z;µ′,µ, p)

(
k2 + z k · p + γ + ıϵ

)3 (26)

where

g(γ , z;µ′,µ, p) =

= θ(α)θ(1 − α)
1
2 − α

[θ(1 − 2α − z)θ(z) − θ(z − 1+ 2α)θ(−z)]

(27)

and

α =
p2

4 + λ2 − µ2 − z−1(λ2 + γ )

µ2 − µ′2 + 2z−1(λ2 + γ )
. (28)
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S F (k) = ı

(
k2 − λ2)2 (/k +m0) −

(
k2 − λ2) m3

∏
i=1,3(k

2 −m2
i + ıϵ)

. (6)

With the parameters given above, the poles are real and placed 
at the values of m1 = 0.327 GeV, m2 = 0.644 GeV and m3 =
0.954 GeV. Although the quark model propagator has real poles, 
and m1 resembles the constituent mass, or alternatively
M(k2 = 0) = m0 + m3/λ2 = 0.278 GeV. It is worthwhile to stress 
that quark confinement is associated with the absence of asymp-
totic states of free quarks in QCD. Such physics is suggested to be 
expressed as pair of poles of the quark propagator that have mi-
grated to the complex plane (see e.g. the review [6]). Despite of 
that, we will proceed with this simplified model, which is quite 
practical for building the pion observables in Minkowski space, 
namely the loop integrations associated with the observables are 
easily performed analytically.

The fermion propagator can be written as

S F (k) = ı
[
A(k2) /k + B(k2)

]
. (7)

The spectral decomposition [41]:

A(k2) =
∞∫

0

dµ2 ρA(µ2)

k2 − µ2 + ıε
and B(k2) =

∞∫

0

dµ2 ρB(µ2)

k2 − µ2 + ıε

(8)

where the spectral densities are:

ρA(µ2) = − 1
π

Im [A(µ2)] and ρB(µ
2) = − 1

π
Im [B(µ2)] (9)

For a particle that belongs to the S-matrix representation, which 
is an observable state, the Källén–Lehmann (KL) spectral densities 
satisfy the positivity constraints [41]:

Pa = ρA(µ2) ≥ 0 and Pb = µρA(µ2) − ρB(µ
2) ≥ 0 . (10)

The quark is a non-singlet color state and it is not an observable 
asymptotic state belonging to the S-matrix representation. Thus, 
there is no guarantee that the quark propagator should have a KL 
representation. If it will be possible to have one, it might violate 
the positivity constraints for the spectral density. However, this is 
not a simple issue as the positivity violation is a sufficient but not 
necessary condition for quark confinement (see e.g. [54]). Then, 
positivity violation associated with the quark propagator may not 
be equivalent to confinement, which is a subtle property to de-
fine in presence of dynamical quarks [55]. In addition, the issue 
of physical or nonphysical asymptotic states must be associated 
with the gauge-singlet properties of the object, that excludes of 
course the quarks as being an observable state. In this context, 
we warn the reader that, our phenomenological model does not 
explicitly resolve the issue of quark confinement, like e.g. the con-
fining force between the quark-antiquark, beyond the observation 
that the quark spectral density in the present case is not posi-
tive definite, as we are going to show. A similar quark propagator 
model, proposed recently, violates the reflection positivity and was 
associated to quarks degrees of freedom out of the physical spec-
trum [52]. The detailed discussion presented in this reference is 
particularly illuminating on that point. We can add the example 
of the gluon propagator obtained from Lattice QCD calculations in 
the Landau gauge, which exhibits the violation of the positivity 
constraint in the KL representation [43].

For our model we can compute easily the spectral densities by 
decomposing, the quark model propagator (6), first in partial frac-
tions as:

A(k2) = H2(m1,m2,m3)

k2 −m2
1 + ıϵ

+ H2(m2,m1,m3)

k2 −m2
2 + ıϵ

+ H2(m3,m2,m1)

k2 −m2
3 + ıϵ

(11)

and

B(k2) = H1(m1,m2,m3)

k2 −m2
1 + ıϵ

+ H1(m2,m1,m3)

k2 −m2
2 + ıϵ

+ H1(m3,m2,m1)

k2 −m2
3 + ıϵ

+m0 A(k2) (12)

where

Hn(m1,m2,m3) = (−m3)2−n(m2
1 − λ2)n

(m2
1 −m2

2)(m
2
1 −m2

3)
(13)

which leads easily leads to:

ρA(µ2) = H2(m1,m2,m3) δ
(
µ2 −m2

1

)

+ H2(m2,m1,m3) δ
(
µ2 −m2

2

)

+ H2(m3,m2,m1) δ
(
µ2 −m2

3

)
(14)

and

ρB(µ
2) = H1(m1,m2,m3) δ

(
µ2 −m2

1

)

+ H1(m2,m1,m3) δ
(
µ2 −m2

2

)

+ H1(m3,m2,m1) δ
(
µ2 −m2

3

)
+m0 ρA(µ2) (15)

The constraints in (10) are translated to the coefficients of the 
delta functions, which using (14) and (15) are given by:

Pδ
a (m1,m2,m3) = H2(m1,m2,m3) and

Pδ
b (m1,m2,m3) = H1(m1,m2,m3) +m0 H2(m1,m2,m3) . (16)

As m1 < m2 < m3, one has that Pδ
a (m2, m1, m3) < 0 and

ρA(µ2)|µ2=m2
2

< 0. The actual values are Pδ
a (m1, m2, m3) = 1.49, 

Pδ
a (m2, m1, m3) = −0.580 and Pδ

a (m3, m2, m1) = 0.095.
The other positivity constraint from (10), translated into the co-

efficients of the delta functions turns to be:

Pδ
b (m1,m2,m3) = − (λ2 −m2

1)(m
3 + (m0 −m1)(λ

2 −m2
1))

(m2
1 −m2

2)(m
2
1 −m2

3)
.

(17)

The formula above has to be calculated for each one of the three 
poles of the quark propagators, namely m1, m1 ↔ m2 and m1 ↔
m3. Taking into account the actual values of the poles and param-
eters it results: Pδ

b (m1, m2, m3) ∼ −0.001, Pδ
b (m2, m1, m3) ∼ 0.001

and Pδ
b (m3, m2, m1) = 0.183. In short, we found that the model vi-

olates the positivity constraints for the spectral density and we are 
satisfied by that as the color non-singlet quark cannot be a physi-
cal state.

3. Pion Bethe–Salpeter amplitude model

The pion is a isovector pseudoscalar meson composed mainly 
by a constituent quark and antiquark, i.e., |u ̄d⟩ state with total 
spin zero and negative parity. The key ingredient of the model is 
the chiral limit where the current quark mass vanishes and the 
self-energy is related to the pion BS vertex.

The pion-quark-antiquark vertex denoted by 'π (k, P ) is the 
quark-antiquark-meson BSA with external quark legs removed. In 
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S F (k) = ı
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k2 − λ2) m3
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2 −m2
i + ıϵ)

. (6)
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expressed as pair of poles of the quark propagator that have mi-
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not a simple issue as the positivity violation is a sufficient but not 
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positivity violation associated with the quark propagator may not 
be equivalent to confinement, which is a subtle property to de-
fine in presence of dynamical quarks [55]. In addition, the issue 
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course the quarks as being an observable state. In this context, 
we warn the reader that, our phenomenological model does not 
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fining force between the quark-antiquark, beyond the observation 
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tive definite, as we are going to show. A similar quark propagator 
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trum [52]. The detailed discussion presented in this reference is 
particularly illuminating on that point. We can add the example 
of the gluon propagator obtained from Lattice QCD calculations in 
the Landau gauge, which exhibits the violation of the positivity 
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The formula above has to be calculated for each one of the three 
poles of the quark propagators, namely m1, m1 ↔ m2 and m1 ↔
m3. Taking into account the actual values of the poles and param-
eters it results: Pδ

b (m1, m2, m3) ∼ −0.001, Pδ
b (m2, m1, m3) ∼ 0.001

and Pδ
b (m3, m2, m1) = 0.183. In short, we found that the model vi-

olates the positivity constraints for the spectral density and we are 
satisfied by that as the color non-singlet quark cannot be a physi-
cal state.

3. Pion Bethe–Salpeter amplitude model

The pion is a isovector pseudoscalar meson composed mainly 
by a constituent quark and antiquark, i.e., |u ̄d⟩ state with total 
spin zero and negative parity. The key ingredient of the model is 
the chiral limit where the current quark mass vanishes and the 
self-energy is related to the pion BS vertex.

The pion-quark-antiquark vertex denoted by 'π (k, P ) is the 
quark-antiquark-meson BSA with external quark legs removed. In 
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dom starting from an analytical form of the Bethe–Salpeter (BS) 
amplitude and with the Mandelstam formula compute the electro-
magnetic form factors, like in the case of the ρ-meson [27–29], 
for pseudoscalar mesons (see e.g. [30–33]), transition form fac-
tors between pseudoscalar and vector mesons [34] and generalized 
parton distributions [35,36]. A common feature of these models is 
a constituent quark mass independent of the momentum. On the 
other hand, Euclidean Lattice QCD calculations predict for the light 
quarks a running self-energy with momentum, which at infrared 
scales gives a value compatible with the constituent quark mass 
of about 0.3 GeV. Therefore, phenomenological models defined in 
Minkowski space could profit from using a running quark mass, 
with the proviso that it should be consistent with the ab-initio 
lattice QCD calculations on the Euclidean space for space-like mo-
mentum [37]. Progress in building the bridge between Euclidean 
and Minkowski space calculations have been achieved recently, 
namely, the pion light-front wave function was found from the dy-
namical chiral symmetry breaking [38], the distribution amplitude 
from lattice QCD results [39] and the pion electromagnetic form 
factor on the entire domain of space-like momentum transfer us-
ing the Dyson–Schwinger equation framework applied to QCD [40].

From the general point of view, integral representations of the 
two and three-point functions, i.e. the Källén–Lehmann spectral 
representation [41] and the Nakanishi integral representation [42]
respectively, are an useful tool to enlarge the applicability of Eu-
clidean calculations, like the ones obtained in lattice QCD to built 
the Minkowski space amplitudes. Indeed, recently it was used the 
Källén–Lehmann (KL) representation to obtain the spectral den-
sity from the lattice QCD gluon propagator in the space-like region 
through the solution of an ill-posed problem [43]. It was checked 
that the violation of the positivity constraint of the spectral density 
happens and the absence of gluons from the asymptotic spectrum 
of the theory. Similar conclusion was already found from the solu-
tion of Dyson–Schwinger equations for the gluon propagator [44]. 
With respect to the BS amplitude, the Nakanishi integral represen-
tation (NIR) allied to the light-front projection was applied to solve 
nonperturbative problems in the Minkowski space, as the bound 
state solution of the BS equation in scalar models [45,46], for two 
fermions [47] and the scattering [48,49]. It was also used to inves-
tigate the bound-state structure in Minkowski space starting from 
the BS amplitude [50], where in particular the analytic extension 
of the integral representation to the Euclidean space was carefully 
checked. It would be desirable to perform the study of hadron 
structure using the Nakanishi representation of the BS amplitude 
by extending Euclidean calculations to the Minkowski space with 
a gain in the understanding of the associated observables.

In this work, we focus on the pion structure in Minkowski space 
described in terms of an analytic model of the Bethe–Salpeter am-
plitude combined with Euclidean Lattice QCD results. The model 
takes into account the running quark mass, which will be fitted 
to Lattice QCD data for space-like momentum in the Landau gauge 
[37]. The mass function ansatz has a single pole form added to 
the current quark mass (see e.g. [51,52]), from that we build the 
quark propagator, which is analyzed through the KL spectral rep-
resentation and we will show that the positivity constraints are 
violated. After that, the pion BS amplitude will be built relying on 
the pseudoscalar vertex component, which is directly associated 
to the quark mass function, as dictated by the dynamical chiral 
symmetry breaking requirements in the limit of vanishing current 
quark mass, due to the axial-vector Ward–Takahashi identity (see 
e.g. [6]). Furthermore, the Nakanishi integral representation of the 
pion Bethe–Salpeter amplitude considering the running quark mass 
will be derived, which generalizes the model proposed in [36]. 
The performance of the ansatz is tested against the experimen-
tal data for the pion decay constant and space-like electromag-

netic form factor, and the quark electromagnetic current will be 
derived constrained by the Ward–Takahashi identity to ensure cur-
rent conservation. The proposed ansatz goes beyond previous pion 
BS amplitude models [30,31,35,56,57] by taking into account the 
quark self-energy in the fermion–antifermion–pion vertex and in 
the quark propagators. We believe that improvement is important 
for further applications to compute Minkowski space observables 
associated to the pion light-front wave function, as the generalized 
parton distributions [36] and the transverse pion structure [24,58].

2. Quark model propagator

In general the quark propagator can be written as:

S F (k) = ı Z(k2)
[
/k − M(k2) + ıϵ

]−1
(1)

and it is gauge dependent, while the observables we computed 
are not. In addition, the dynamical mass function M(k2) is 
renormalization-point-independent (see e.g. [53]).

Our model is built to fit the quark propagator in the space-like 
region obtained from Lattice QCD calculations in the Landau gauge 
[37]. This choice is quite popular as it is a smooth gauge in the 
sense that preserves the Lorentz invariance of QCD. The lattice cal-
culations from [37] have two degenerate light u and d quarks and 
a heavier one for the strange quark. This simulation used config-
urations from an improved staggered “Asqtad” action at β = 7.09, 
and our fit uses the result closest to the chiral limit among the 
light bare-quark mass calculations. As a simplification, we do not 
consider the momentum dependence of the quark wave function 
renormalization factor, Z(k2) = 1, and the adopted dressed quark 
propagator is

S F (k) = ı
[
/k − M(k2) + ıϵ

]−1
. (2)

This ansatz suggested long ago [59–62] simplifies our calculations 
of the pion electroweak observables in Minkowski space. We note 
that Lattice QCD results [37] shows some momentum dependence 
in Z(k2), that has a value of about 0.7 close to k2 = 0. In addition 
we use the following mass function parametrization,

M(k2) =m0 −m3
[
k2 − λ2 + iϵ

]−1
, (3)

already applied to fit Lattice QCD calculations [52]. The parameters 
of the running mass function are given by

m0 = 0.014 GeV, m = 0.574 GeV and λ = 0.846 GeV, (4)

which are close to the ones used in [52]. The parameters we use 
fit the experimental pion charge radius and provides fπ close to 
the experimental value, as we will present in our result section. 
The running quark mass function with our choice of parameters is 
shown in Fig. 1 and compared to Lattice QCD calculations [37]. We 
observe that our results are quite close to the lattice results con-
sidering the attributed errors. For comparison we also show the fit 
given in Ref. [51], with a more sophisticated parametrization in-
cluding log’s, which in the present model we didn’t consider with 
the sake to simplify the loop integrations in Minkowski space as-
sociated with the pion electroweak observables.

The model has quark propagator poles for m2
i = M2(m2

i ) (i la-
bels the pole position), which are given by solving the cubic equa-
tions:

mi

(
m2

i − λ2
)

= ±
[
m0

(
m2

i − λ2
)

−m3
]

, (5)

which allows to factorize the denominator of the quark model 
propagator as
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that the violation of the positivity constraint of the spectral density 
happens and the absence of gluons from the asymptotic spectrum 
of the theory. Similar conclusion was already found from the solu-
tion of Dyson–Schwinger equations for the gluon propagator [44]. 
With respect to the BS amplitude, the Nakanishi integral represen-
tation (NIR) allied to the light-front projection was applied to solve 
nonperturbative problems in the Minkowski space, as the bound 
state solution of the BS equation in scalar models [45,46], for two 
fermions [47] and the scattering [48,49]. It was also used to inves-
tigate the bound-state structure in Minkowski space starting from 
the BS amplitude [50], where in particular the analytic extension 
of the integral representation to the Euclidean space was carefully 
checked. It would be desirable to perform the study of hadron 
structure using the Nakanishi representation of the BS amplitude 
by extending Euclidean calculations to the Minkowski space with 
a gain in the understanding of the associated observables.

In this work, we focus on the pion structure in Minkowski space 
described in terms of an analytic model of the Bethe–Salpeter am-
plitude combined with Euclidean Lattice QCD results. The model 
takes into account the running quark mass, which will be fitted 
to Lattice QCD data for space-like momentum in the Landau gauge 
[37]. The mass function ansatz has a single pole form added to 
the current quark mass (see e.g. [51,52]), from that we build the 
quark propagator, which is analyzed through the KL spectral rep-
resentation and we will show that the positivity constraints are 
violated. After that, the pion BS amplitude will be built relying on 
the pseudoscalar vertex component, which is directly associated 
to the quark mass function, as dictated by the dynamical chiral 
symmetry breaking requirements in the limit of vanishing current 
quark mass, due to the axial-vector Ward–Takahashi identity (see 
e.g. [6]). Furthermore, the Nakanishi integral representation of the 
pion Bethe–Salpeter amplitude considering the running quark mass 
will be derived, which generalizes the model proposed in [36]. 
The performance of the ansatz is tested against the experimen-
tal data for the pion decay constant and space-like electromag-

netic form factor, and the quark electromagnetic current will be 
derived constrained by the Ward–Takahashi identity to ensure cur-
rent conservation. The proposed ansatz goes beyond previous pion 
BS amplitude models [30,31,35,56,57] by taking into account the 
quark self-energy in the fermion–antifermion–pion vertex and in 
the quark propagators. We believe that improvement is important 
for further applications to compute Minkowski space observables 
associated to the pion light-front wave function, as the generalized 
parton distributions [36] and the transverse pion structure [24,58].

2. Quark model propagator

In general the quark propagator can be written as:

S F (k) = ı Z(k2)
[
/k − M(k2) + ıϵ

]−1
(1)

and it is gauge dependent, while the observables we computed 
are not. In addition, the dynamical mass function M(k2) is 
renormalization-point-independent (see e.g. [53]).

Our model is built to fit the quark propagator in the space-like 
region obtained from Lattice QCD calculations in the Landau gauge 
[37]. This choice is quite popular as it is a smooth gauge in the 
sense that preserves the Lorentz invariance of QCD. The lattice cal-
culations from [37] have two degenerate light u and d quarks and 
a heavier one for the strange quark. This simulation used config-
urations from an improved staggered “Asqtad” action at β = 7.09, 
and our fit uses the result closest to the chiral limit among the 
light bare-quark mass calculations. As a simplification, we do not 
consider the momentum dependence of the quark wave function 
renormalization factor, Z(k2) = 1, and the adopted dressed quark 
propagator is

S F (k) = ı
[
/k − M(k2) + ıϵ

]−1
. (2)

This ansatz suggested long ago [59–62] simplifies our calculations 
of the pion electroweak observables in Minkowski space. We note 
that Lattice QCD results [37] shows some momentum dependence 
in Z(k2), that has a value of about 0.7 close to k2 = 0. In addition 
we use the following mass function parametrization,

M(k2) =m0 −m3
[
k2 − λ2 + iϵ

]−1
, (3)

already applied to fit Lattice QCD calculations [52]. The parameters 
of the running mass function are given by

m0 = 0.014 GeV, m = 0.574 GeV and λ = 0.846 GeV, (4)

which are close to the ones used in [52]. The parameters we use 
fit the experimental pion charge radius and provides fπ close to 
the experimental value, as we will present in our result section. 
The running quark mass function with our choice of parameters is 
shown in Fig. 1 and compared to Lattice QCD calculations [37]. We 
observe that our results are quite close to the lattice results con-
sidering the attributed errors. For comparison we also show the fit 
given in Ref. [51], with a more sophisticated parametrization in-
cluding log’s, which in the present model we didn’t consider with 
the sake to simplify the loop integrations in Minkowski space as-
sociated with the pion electroweak observables.

The model has quark propagator poles for m2
i = M2(m2

i ) (i la-
bels the pole position), which are given by solving the cubic equa-
tions:

mi

(
m2

i − λ2
)

= ±
[
m0

(
m2

i − λ2
)

−m3
]

, (5)

which allows to factorize the denominator of the quark model 
propagator as
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tigate the bound-state structure in Minkowski space starting from 
the BS amplitude [50], where in particular the analytic extension 
of the integral representation to the Euclidean space was carefully 
checked. It would be desirable to perform the study of hadron 
structure using the Nakanishi representation of the BS amplitude 
by extending Euclidean calculations to the Minkowski space with 
a gain in the understanding of the associated observables.

In this work, we focus on the pion structure in Minkowski space 
described in terms of an analytic model of the Bethe–Salpeter am-
plitude combined with Euclidean Lattice QCD results. The model 
takes into account the running quark mass, which will be fitted 
to Lattice QCD data for space-like momentum in the Landau gauge 
[37]. The mass function ansatz has a single pole form added to 
the current quark mass (see e.g. [51,52]), from that we build the 
quark propagator, which is analyzed through the KL spectral rep-
resentation and we will show that the positivity constraints are 
violated. After that, the pion BS amplitude will be built relying on 
the pseudoscalar vertex component, which is directly associated 
to the quark mass function, as dictated by the dynamical chiral 
symmetry breaking requirements in the limit of vanishing current 
quark mass, due to the axial-vector Ward–Takahashi identity (see 
e.g. [6]). Furthermore, the Nakanishi integral representation of the 
pion Bethe–Salpeter amplitude considering the running quark mass 
will be derived, which generalizes the model proposed in [36]. 
The performance of the ansatz is tested against the experimen-
tal data for the pion decay constant and space-like electromag-

netic form factor, and the quark electromagnetic current will be 
derived constrained by the Ward–Takahashi identity to ensure cur-
rent conservation. The proposed ansatz goes beyond previous pion 
BS amplitude models [30,31,35,56,57] by taking into account the 
quark self-energy in the fermion–antifermion–pion vertex and in 
the quark propagators. We believe that improvement is important 
for further applications to compute Minkowski space observables 
associated to the pion light-front wave function, as the generalized 
parton distributions [36] and the transverse pion structure [24,58].

2. Quark model propagator

In general the quark propagator can be written as:

S F (k) = ı Z(k2)
[
/k − M(k2) + ıϵ

]−1
(1)

and it is gauge dependent, while the observables we computed 
are not. In addition, the dynamical mass function M(k2) is 
renormalization-point-independent (see e.g. [53]).

Our model is built to fit the quark propagator in the space-like 
region obtained from Lattice QCD calculations in the Landau gauge 
[37]. This choice is quite popular as it is a smooth gauge in the 
sense that preserves the Lorentz invariance of QCD. The lattice cal-
culations from [37] have two degenerate light u and d quarks and 
a heavier one for the strange quark. This simulation used config-
urations from an improved staggered “Asqtad” action at β = 7.09, 
and our fit uses the result closest to the chiral limit among the 
light bare-quark mass calculations. As a simplification, we do not 
consider the momentum dependence of the quark wave function 
renormalization factor, Z(k2) = 1, and the adopted dressed quark 
propagator is

S F (k) = ı
[
/k − M(k2) + ıϵ

]−1
. (2)

This ansatz suggested long ago [59–62] simplifies our calculations 
of the pion electroweak observables in Minkowski space. We note 
that Lattice QCD results [37] shows some momentum dependence 
in Z(k2), that has a value of about 0.7 close to k2 = 0. In addition 
we use the following mass function parametrization,

M(k2) =m0 −m3
[
k2 − λ2 + iϵ

]−1
, (3)

already applied to fit Lattice QCD calculations [52]. The parameters 
of the running mass function are given by

m0 = 0.014 GeV, m = 0.574 GeV and λ = 0.846 GeV, (4)

which are close to the ones used in [52]. The parameters we use 
fit the experimental pion charge radius and provides fπ close to 
the experimental value, as we will present in our result section. 
The running quark mass function with our choice of parameters is 
shown in Fig. 1 and compared to Lattice QCD calculations [37]. We 
observe that our results are quite close to the lattice results con-
sidering the attributed errors. For comparison we also show the fit 
given in Ref. [51], with a more sophisticated parametrization in-
cluding log’s, which in the present model we didn’t consider with 
the sake to simplify the loop integrations in Minkowski space as-
sociated with the pion electroweak observables.

The model has quark propagator poles for m2
i = M2(m2

i ) (i la-
bels the pole position), which are given by solving the cubic equa-
tions:

mi

(
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i − λ2
)

= ±
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i − λ2
)

−m3
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which allows to factorize the denominator of the quark model 
propagator as
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S F (k) = ı

(
k2 − λ2)2 (/k +m0) −

(
k2 − λ2) m3

∏
i=1,3(k

2 −m2
i + ıϵ)

. (6)

With the parameters given above, the poles are real and placed 
at the values of m1 = 0.327 GeV, m2 = 0.644 GeV and m3 =
0.954 GeV. Although the quark model propagator has real poles, 
and m1 resembles the constituent mass, or alternatively
M(k2 = 0) = m0 + m3/λ2 = 0.278 GeV. It is worthwhile to stress 
that quark confinement is associated with the absence of asymp-
totic states of free quarks in QCD. Such physics is suggested to be 
expressed as pair of poles of the quark propagator that have mi-
grated to the complex plane (see e.g. the review [6]). Despite of 
that, we will proceed with this simplified model, which is quite 
practical for building the pion observables in Minkowski space, 
namely the loop integrations associated with the observables are 
easily performed analytically.

The fermion propagator can be written as

S F (k) = ı
[
A(k2) /k + B(k2)

]
. (7)

The spectral decomposition [41]:

A(k2) =
∞∫

0

dµ2 ρA(µ2)

k2 − µ2 + ıε
and B(k2) =

∞∫

0

dµ2 ρB(µ2)

k2 − µ2 + ıε

(8)

where the spectral densities are:

ρA(µ2) = − 1
π

Im [A(µ2)] and ρB(µ
2) = − 1

π
Im [B(µ2)] (9)

For a particle that belongs to the S-matrix representation, which 
is an observable state, the Källén–Lehmann (KL) spectral densities 
satisfy the positivity constraints [41]:

Pa = ρA(µ2) ≥ 0 and Pb = µρA(µ2) − ρB(µ
2) ≥ 0 . (10)

The quark is a non-singlet color state and it is not an observable 
asymptotic state belonging to the S-matrix representation. Thus, 
there is no guarantee that the quark propagator should have a KL 
representation. If it will be possible to have one, it might violate 
the positivity constraints for the spectral density. However, this is 
not a simple issue as the positivity violation is a sufficient but not 
necessary condition for quark confinement (see e.g. [54]). Then, 
positivity violation associated with the quark propagator may not 
be equivalent to confinement, which is a subtle property to de-
fine in presence of dynamical quarks [55]. In addition, the issue 
of physical or nonphysical asymptotic states must be associated 
with the gauge-singlet properties of the object, that excludes of 
course the quarks as being an observable state. In this context, 
we warn the reader that, our phenomenological model does not 
explicitly resolve the issue of quark confinement, like e.g. the con-
fining force between the quark-antiquark, beyond the observation 
that the quark spectral density in the present case is not posi-
tive definite, as we are going to show. A similar quark propagator 
model, proposed recently, violates the reflection positivity and was 
associated to quarks degrees of freedom out of the physical spec-
trum [52]. The detailed discussion presented in this reference is 
particularly illuminating on that point. We can add the example 
of the gluon propagator obtained from Lattice QCD calculations in 
the Landau gauge, which exhibits the violation of the positivity 
constraint in the KL representation [43].

For our model we can compute easily the spectral densities by 
decomposing, the quark model propagator (6), first in partial frac-
tions as:

A(k2) = H2(m1,m2,m3)

k2 −m2
1 + ıϵ

+ H2(m2,m1,m3)

k2 −m2
2 + ıϵ

+ H2(m3,m2,m1)

k2 −m2
3 + ıϵ

(11)

and

B(k2) = H1(m1,m2,m3)

k2 −m2
1 + ıϵ

+ H1(m2,m1,m3)

k2 −m2
2 + ıϵ

+ H1(m3,m2,m1)

k2 −m2
3 + ıϵ

+m0 A(k2) (12)

where

Hn(m1,m2,m3) = (−m3)2−n(m2
1 − λ2)n

(m2
1 −m2

2)(m
2
1 −m2

3)
(13)

which leads easily leads to:

ρA(µ2) = H2(m1,m2,m3) δ
(
µ2 −m2

1

)

+ H2(m2,m1,m3) δ
(
µ2 −m2

2

)

+ H2(m3,m2,m1) δ
(
µ2 −m2

3

)
(14)

and

ρB(µ
2) = H1(m1,m2,m3) δ

(
µ2 −m2

1

)

+ H1(m2,m1,m3) δ
(
µ2 −m2

2

)

+ H1(m3,m2,m1) δ
(
µ2 −m2

3

)
+m0 ρA(µ2) (15)

The constraints in (10) are translated to the coefficients of the 
delta functions, which using (14) and (15) are given by:

Pδ
a (m1,m2,m3) = H2(m1,m2,m3) and

Pδ
b (m1,m2,m3) = H1(m1,m2,m3) +m0 H2(m1,m2,m3) . (16)

As m1 < m2 < m3, one has that Pδ
a (m2, m1, m3) < 0 and

ρA(µ2)|µ2=m2
2

< 0. The actual values are Pδ
a (m1, m2, m3) = 1.49, 

Pδ
a (m2, m1, m3) = −0.580 and Pδ

a (m3, m2, m1) = 0.095.
The other positivity constraint from (10), translated into the co-

efficients of the delta functions turns to be:

Pδ
b (m1,m2,m3) = − (λ2 −m2

1)(m
3 + (m0 −m1)(λ

2 −m2
1))

(m2
1 −m2

2)(m
2
1 −m2

3)
.

(17)

The formula above has to be calculated for each one of the three 
poles of the quark propagators, namely m1, m1 ↔ m2 and m1 ↔
m3. Taking into account the actual values of the poles and param-
eters it results: Pδ

b (m1, m2, m3) ∼ −0.001, Pδ
b (m2, m1, m3) ∼ 0.001

and Pδ
b (m3, m2, m1) = 0.183. In short, we found that the model vi-

olates the positivity constraints for the spectral density and we are 
satisfied by that as the color non-singlet quark cannot be a physi-
cal state.

3. Pion Bethe–Salpeter amplitude model

The pion is a isovector pseudoscalar meson composed mainly 
by a constituent quark and antiquark, i.e., |u ̄d⟩ state with total 
spin zero and negative parity. The key ingredient of the model is 
the chiral limit where the current quark mass vanishes and the 
self-energy is related to the pion BS vertex.

The pion-quark-antiquark vertex denoted by 'π (k, P ) is the 
quark-antiquark-meson BSA with external quark legs removed. In 



















Preliminary result for a fermion-scalar bound system
The covariant decomposition of the BS amplitude for a (1/2)+ bound system, composed

by a fermion and a scalar, reads

�(k, p) =
h
S1 �1(k, p) + S2 �2(k, p)

i
U(p, s)

with U(p, s) a Dirac spinor, S1(k) = 1, S2(k) = /k/M,and M2
= p2

A first check: scalar coupling ↵s
= �s

F�
s
S/(8⇡mS), for mF = mS and µ/m̄ = 0.15, 0.50

B/m̄ ↵s
M(0.15) ↵s

WR(0.15) ↵s
M(0.50) ↵s

WR(0.50)
0.10 1.5057 1.5057 2.6558 2.6558

0.20 2.2969 2.2969 3.2644 3.6244

0.30 3.0467 3.0467 4.5354 4.5354

0.40 3.7963 3.7963 5.4505 5.4506

0.50 4.5680 4.5681 6.4042 6.4043

0.80 7.2385 7.2387 9.8789 9.8794

1.00 9.7779 9.7783 13.7379 13.7380

First column: the binding energy in unit of m̄ = (mS +mF )/2..
Second and fourth columns: coupling constant ↵M , obtained by solving the BSE in

Minkowski space, for given B/m̄.

Third and fifth columns: Wick-rotated results, ↵WR .
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Beyond the valence ….

l Population of lower x, due to the gluon radiation! 

l Evolution?

Sales, TF, Carlson,Sauer, PRC 63, 064003 (2001)

Marinho, TF, Pace,Salme,Sauer,  PRD 77, 116010 (2008)

 

 

+ +

+ ....



39

Beyond the valence ….

ERBL – DGLAP regions

Fragmentation function
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• A method for solving the fermionic BSE with Nakanishi Integral Representation
(NIR): LF singularities solved for the fermionic bound state system

• Our numerical results confirm the robustness of the NIR for solving the BSE: 
Application to model the pion state: valence prob, fpi, pdf and LF amplitudes 

• Inversion of the Nakanishi weight function from the valence…

• More realism: self-energies, vertex corrections, Landau gauge,   ingredients from
LQCD….

• Confinement? 

• Beyond the pion, kaon, D, B, rho…, and the nucleon

• Form-Factors, PDFs, QPDs,TMDs, Fragmentation Functions...

Conclusions and Perspectives
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