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Collinear factorization (Q2>>ΛQCD2):
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 Convolution of non-perturbative, long-
distance physics with the elementary, short-
distance, hard-scattering interaction. 

 Some important and interesting information 
of the structure of the hadron is lost, as all 
other degrees of freedom are averaged over. 

Point-like quark constituents reside 
in the nucleon (1990 Nobel Prize)
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One additional outgoing meson is 
measured. 

The PDFs depend not only on x, but also 
on the transverse motion of partons inside 
the hadron. 

Both TMD PDFs and TMD FFs are 
accessible in SIDIS.



Background : Drell-Yan process (TMD PDF)
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In the DY experiment, the outgoing lepton 
pair is measured, hence the transverse 
momentum of the di-lepton .

The annihilated quark-antiquark encodes 
the partons' intrinsic transverse motion, 
giving rise to the di-lepton of low transverse 
momentum. 

In DY, structure functions are expressed as convolutions of TMD PDFs. Since no 
outgoing hadron is measured, TMD FFs are not needed. 

Access to pion's TMD PDFs.



TMD PDFs (transverse momentum dependent PDFs) describe the 
transverse motion of partons and spin-orbit correlations inside hadrons. 
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Background : TMD PDFs
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Correlation function (SIDIS):

The TMDs enter the general decomposition of the quark-quark correlation (leading twist).
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with hadron momentum P and spin

Transverse Momentum Dependent (TMD) Parton Distribution Functions . . . 2509

We conclude this section by presenting the full leading-twist set of po-
larization dependent and transverse momentum dependent parton densities
in a spin-1/2 hadron. These are shown in Table I and Table II, for the
quark [56, 57] and gluon [26, 58] cases respectively, including the distribu-
tions in unpolarized hadrons (top rows), longitudinally polarized hadrons
(middle rows), transversely polarized hadrons (bottom rows). (See [59–65]
for slightly different classifications.) Gauge-invariant operator definitions
may be given for each of the TMD distributions in terms of nonlocal op-
erator combinations, in which appropriate Wilson-line gauge links are as-
sociated with quark and gluon fields [6, 66–70]. Operator definitions are
instrumental in analyzing both factorization and potential sources of factor-
ization breakdown, and in setting up lattice calculations [71–74] of parton
distributions.

TABLE I

(Colour on-line) Quark TMD pdfs: columns represent quark polarization, rows
represent hadron polarization. Distributions encircled by a dashed line are the
ones which survive integration over transverse momentum. The shades of the
boxes (light gray (blue) versus medium gray (pink)) indicate structures that are
T -even or T -odd, respectively. T -even and T -odd structures involve, respectively,
an even or odd number of spin-flips.

TABLE II

(Colour on-line) Gluon TMD pdfs: columns represent gluon polarization, rows
represent hadron polarization. Distributions encircled by a dashed line are the
ones which survive integration over transverse momentum. The shades of the
boxes (light gray (blue) versus medium gray (pink)) indicate structures that are
T -even or T -odd, respectively. T -even and T -odd structures involve, respectively,
an even or odd number of spin-flips. Linearly polarized gluons represent a double
spin-flip structure.

Rows indicate the hadron polarization and 
columns indicate quark's.

Circled ones survive when integrated over the 
transverse momentum and they are linked to 
the familiar parton density, helicity and 
transversity distributions.   

For spinless pion, only the unpolarized TMD 
PDF  and the Boer-Mulders function  survive.




Background : Pion TMD PDFs
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For pion, the TMDs can be projected out as:

The unpolarized  TMD PDF f⊥1,π  (x,k2⊥)  describes  the  distribution  of  unpolarized  partons 
carrying the longitudinal momentum fraction x of the pion, and the transverse momentum k⊥. 

 The Boer-Mulders function  h⊥1,π (x,k2⊥)  describes a spin-orbit correlation of transversely 
polarized partons,  which is  chirally  odd (chirality  of  partons  flipped by operator)  and time-
reversal odd (flips sign under time reversal transformation). The Wilson line is very important in 
getting a non-vanishing Boer-Mulders function that changes its sign from SIDIS to DY.

 

with process-dependent gauge links not shown explicitly.
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Global fits based on TMD evolution with phenomenological assumptions on 
its form.  Formalism under quantitative examination. 
Phenomenological analysis and a few first attemps. Model and ansatz. 

Calculation? Non-perturbative QCD required!

quark TMD PDFs

6

�ij(k, P ;S, T ) ⇠ F.T. hPST |  ̄j(0) U[0,⇠]  i(⇠) |PST i|LF

extraction of a quark
not collinear with the proton



Nonperturbative QCD
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Parton distributions amplitudes/functions: 
1.generalized parton distributions (GPD) 
3.transverse momentum distributions (TMD) 
2.parton distribution amplitude (PDA) 
4.etc...

Nonperturbative QCD
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QCD

Parton distributions amplitudes/functions: 
1.generalized parton distributions (GPD) 
3.transverse momentum distributions (TMD) 
2.parton distribution amplitude (PDA) 
4.etc...

Nonperturbative QCD

1. ADS/QCD (Holographic QCD) 
2. Dyson-Schwinger equations. 
3. Effective theories and models, e.g., ChiPT, NJL model... 
4.  Light front QCD. 
5.  Lattice QCD. 
6.  QCD sum rules. 
 etc... 

Nonperturbative QCD methods
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DSEs: QCD
Dyson-Schwinger equations: general relations between 

Green functions in quantum field theories.
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Quark propagator: Gluon propagator:

Ghost propagator:

Ghost-gluon vertex:

Quark-gluon vertex:

G. Eichmann, arXiv:0909.0703 !7

Derivation: 
1.Quantum Field Theory 
2.Path Integral formulation 
3.Invariance of generating             
   functional 

(Non-perturbative)

R
D �

� ↵
ei[S+

R
d4yJ↵ ↵]|J↵=0 = 0

https://en.wikipedia.org/wiki/Green%27s_function
https://en.wikipedia.org/wiki/Quantum_field_theory
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The propagator is obtained from Eq. (1) augmented by a renormalization condition. A mass-independent scheme can be
implemented by fixing all renormalization constants in the chiral limit [13].

Pseudoscalar and axial-vector mesons appear as poles in the inhomogeneous BSE for the axial-vector vertex, !fg
5!. An

exact form of that equation is

!fg
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2
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5!$ðk; q;PÞ; (3)

where "fg
5!$ is a four-point Schwinger function that is

completely defined via the quark self-energy [11,12].
Owing to Poincaré covariance, one can use q& ¼
q & P=2, etc., without loss of generality. Equation (3)
includes all legitimate contributions to the Bethe-Salpeter
kernel and nothing extraneous. This realization generalizes
the perspective of Ref. [14]. The pseudoscalar vertex,
!fg
5 ðk;PÞ, satisfies an analogous equation and has the

general form

i!fg
5 ðk;PÞ ¼ "5½iE5ðk;PÞ þ " ( PF5ðk;PÞ

þ " ( kG5ðk;PÞ þ &!'k!P'H5ðk;PÞ): (4)

In any reliable study of light-quark hadrons the solution
of Eq. (3) must satisfy the axial-vector Ward-Takahashi

identity; i.e.., with !fg
5 the pseudoscalar vertex,

P!!
fg
5!ðk;PÞ ¼ S$ 1

f ðkþÞi"5 þ i"5S
$ 1
g ðk$ Þ

$ i½m f þ m g)!fg
5 ðk;PÞ; (5)

which expresses chiral symmetry and its breaking pattern.
We have established that the condition

P!"
fg
5!$ðk; q;PÞ ¼ !f

$ðqþ; kþÞi"5 þ i"5!
g
$ðq$ ; k$ Þ

$ i½m f þ m g)"fg
5$ðk; q;PÞ; (6)

where "fg
5$ is the analogue of "fg

5!$ in the pseudoscalar

equation, is necessary and sufficient to ensure Eq. (5) is
satisfied. Sufficiency may be verified by contracting Eq. (3)
with P!, inserting Eq. (5), appealing to Eq. (6) and sub-
sequently reorganizing terms so as to identify the BSE for

"fg
5$. Necessity follows from analyzing the left-hand side

of Eq. (6) and using Eq. (5) to establish the right.
Consider Eq. (6). Rainbow ladder is the leading-order

term in the DSE truncation of Refs. [11,12]. It corresponds

to !f
' ¼ "', in which case Eq. (6) is solved by "fg

5!$ *
0 * "fg

5$. This is the solution that indeed provides the

rainbow-ladder forms of Eq. (3). Such consistency will
be apparent in any valid systematic term-by-term improve-
ment of the rainbow-ladder truncation.

However, Eq. (6) is far more than merely a device for
checking a truncation’s consistency. For, just as the vector
Ward-Takahashi identity has long been used to build
Ansätze for the dressed-quark-photon vertex [9,15],

Eq. (6) provides a way to construct a symmetry preserving
kernel of the BSE that is matched to any reasonable Ansatz
for the quark-gluon vertex that appears in Eq. (1). With this
powerful capacity Eq. (6) realizes a long-standing goal.
To illustrate, suppose that in Eq. (1) one employs an

Ansatz for the quark-gluon vertex which satisfies

P!i!
f
!ðkþ; k$ Þ ¼ BðP2Þ½S$ 1

f ðkþÞ $ S$ 1
f ðk$ Þ); (7)

withB flavor independent. NB.While the true quark-gluon
vertex does not satisfy this identity, owing to the form of
the Slavnov-Taylor identity which it does satisfy, it is
plausible that a solution of Eq. (7) can provide a reasonable
pointwise approximation to the true vertex.
Given Eq. (7), then Eq. (6) entails (l ¼ k $ q)

il$"
fg
5$ðk; q;PÞ ¼ Bðl2Þ½!fg

5 ðq;PÞ $ !fg
5 ðk;PÞ); (8)

with an analogous equation for P!l$i"
fg
5!$ðk; q;PÞ.

This identity can be solved to obtain

"fg
5$ðk; q;PÞ :¼ Bððk $ qÞ2Þ"5

#"fg
$ ðk; q;PÞ; (9)

with, using Eq. (4) and writing ‘ ¼ ðqþ kÞ=2,
#"fg
$ ðk; q;PÞ ¼ 2‘$½i$E5

ðq; k;PÞ þ " ( P$F5
ðq; k;PÞ)

þ "$%G5
ðq; k;PÞ þ 2‘$" ( ‘$G5

ðq; k;PÞ
þ ½"$;" ( P)%H5

ðq; k;PÞ
þ 2‘$½" ( ‘;" ( P)$H5

ðq; k;PÞ; (10)

with %&ðq; k;PÞ ¼ ½&ðq;PÞ þ&ðk;PÞ)=2 and
$&ðq; k;PÞ ¼ ½&ðq;PÞ $ &ðk;PÞ)=½q2 $ k2).
Now, given any Ansatz for the quark-gluon vertex that

satisfies Eq. (7), then the pseudoscalar analogue of Eq. (3)
and Eqs. (1), (9), and (10) provide a symmetry-preserving
closed system whose solution predicts the properties of
pseudoscalar mesons. The system can be used to antici-
pate, elucidate and understand the impact on hadron prop-
erties of the rich nonperturbative structure expected of the
fully-dressed quark-gluon vertex in QCD.
To exemplify, we consider ground-state pseudoscalar

and scalar mesons composed of equal-mass u and d quarks.
The inhomogeneous BSE for the scalar vertex describes
scalar mesons. It is straightforward to adapt the discussion
already presented to derive the scalar-vertex analogues of,
e.g., Eqs. (9) and (10). (We are aware of the effects of
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Rainbow-Ladder:

Quark's DSE:

Pion's BSE:

Axial-Vector Ward-Takahashi Identity:

Constrain

DSEs: Pion (Rainbow-Ladder) 

( P. Maris, C.D. Roberts and P. C. Tandy, PLB1998 ) 
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Beyond RL

BSE’

Inhomogeneous Bethe-Salpeter equation:
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where AV-WTI is satisfied by:
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1
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⇥ [�5�̃�(q+, k+)�5 + �̃�(q�, k�)]

(Phys.Rev.C 85, 052201(R) (2012))

DB kernel

Combines a description of pion properties with reasonable estimates of the masses
of heavier mesons, including axial-vector states, e.g., ⇢� a1 mass splitting.
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Inhomogeneous BSE:

Axial-Vector Ward-Takahashi Identity:

Constrain

DSEs: Pion (Beyond Rainbow-Ladder) BSE’

Inhomogeneous Bethe-Salpeter equation:

�5µ(k ;P) = Z2�5�µ

� Z2

Z

dq
G(k � q)D free

⇢� (k � q)
�a

2
�↵S(q+)⇥ �5µ(q;P)S(q�)

�a

2
�̃�(q�, k�)

+ Z1

Z

dq
g
2
D↵�(k � q)

�a

2
�↵Sf (q+)⇥

�a

2
⇤5µ�(k , q;P)

where AV-WTI is satisfied by:

2⇤5�(µ) = [�̃�(q+, k+) + �5�̃�(q�, k�)�5]⇥
1

S�1(k+) + S�1(�k�)
�5(µ)(k ;P)

+ �5(µ)(q;P)
1

S�1(�q+) + S�1(q�)
⇥ [�5�̃�(q+, k+)�5 + �̃�(q�, k�)]

(Phys.Rev.C 85, 052201(R) (2012))

DB kernel

Combines a description of pion properties with reasonable estimates of the masses
of heavier mesons, including axial-vector states, e.g., ⇢� a1 mass splitting.
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�µ(p1, p2) = �BC
µ (p1, p2) + �acm

µ (p1, p2)
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�j
5µ(k;P ) ⇠ rAPµ

P 2 +m2
⇡

�j
⇡(k;P )P 2 ! �m2

⇡When                         ,

(Lei Chang and C.D. Roberts PRL2009)

( Lei Chang, YX Liu and C.D. Roberts PRL2011, 

Lei Chang, C.D. Roberts PRC2012) 
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Significantly enhanced 
mass function, signals 
the DCSB.
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DSEs: S(q) and Γ(q; P)
dressed quark propagator:

N-Complex Conjugate Poles

Quark propagator parameterization:

S(q) =
NX

i=1

[
Zi

i� · q +mi
+

Z
⇤
i

i� · q +m⇤
i

]

(Nucl. Part. Phys. 37 (2010) 115001)

RL z1 m1 zs m2

u (0.38, 0.71) (0.71, 0.22) (0.14, 0) (�0.78, 0.75)
s (0.42, 0.32) (0.80, 0.41) (0.12, 0) (�1.26, 0.63)
DB z1 m1 zs m2

u (0.42, 0.24) (0.44, 0.19) (0.13, 0.07) (�0.76, 0.60)
s (0.43, 0.30) (0.55, 0.22) (0.12, 0.11) (�0.83, 0.42)
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=
Z(k2)

i/p+M(k2)

Complex conjugate poles, NO 
poles on the real axis, consistent 
with confinement!

Dominant Contributions in BSA 

( Lei Chang et al, PRL2013 ) 

Nakanish-like Form

Pion/Kaon BSA:

�P(q;P) = �5 [iEP(q;P) + � · PFP(q;P) + � · q GP(q;P) + �µ⌫qµP⌫HP(q;P)]

with EM , FM ... can decomposed into

F(q,P) = F0(q,P) + q · PF1(q,P)

F0/1 parameterization(Phys.Lett. B 738 (2014) 512518):

F�(q,P) =
1

Nnorm
[

Z
1

�1

d↵⇢0(↵)
(U0 � U1� U2)⇤2n0

�

(q2 + ↵ q · P + ⇤2
�)

n0

+

Z
1

�1

d↵⇢1(↵)
U1⇤2n1

�

(q2 + ↵ q · P + ⇤2
�)

n1

+

Z
1

�1

d↵⇢2(↵)
U2⇤2n2

�

(q2 + ↵ q · P + ⇤2
�)

n2
]

⇢i (↵) =
�(⌫i +

3

2
)

p
⇡�(⌫i + 1)

(1� ↵2)⌫i
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pion BS amplitude:

F(k;P ) = F i(k;P ) + Fu(k;P ),

F i(k;P ) = ciF

Z 1

�1
dz⇢�i

F
(z)


aiF�̂

4
⇤i

F
(k2z)

+ (1� aiF )�̂
5
⇤i

F
(k2z)

�
,

Fu(k;P ) = cuF

Z 1

�1
dz⇢�u

F
(z)�̂⇤u

F
(k2z),

with �̂⇤(s) = ⇤2/(s+ ⇤2), k2z = k2 + zk · P

correct power  law 
in the UV part of 
BSA generated by 
one-gluon exchange

strongly enhanced 
IR part of BSA, 
generated by DCSB.

Nakanishi-like integral representation, 
allowing calculation on a much wider range 
of physical quantities.
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TMD PDF: Two Approaches

Fully Dressed Quark propagator & Pion Bethe-Salpeter amplitude

f1,⇡(x, k
2
?) =

Z
d⇠�d2⇠?
(2⇡)3

ei(⇠
�k+�⇠?·k?)h⇡(P )|q̄(0)�+q(⇠�, ⇠?)|⇡(P )i.

✏ijkj?
M⇡

h?
1,⇡(x, k

2
?) =

Z
d⇠�d2⇠?
(2⇡)3

ei(⇠
�k+�⇠?·k?)h⇡(P )|q̄(0)i�i+�5q(⇠

�, ⇠?)|⇡(P )i.

Two approaches:

Light-front approach Extract from pion's Bethe-Salpeter wave functions the LFWFs 
and calculate TMDs using overlap representation.

Covariant approach Compute the triangle diagrams in terms of fully covariant 
propagators/vertices with appropriate truncations.

TMD:



Fig. 1. Dirac’s three forms of Hamiltonian dynamics.

2.4. Forms of Hamiltonian dynamics

Obviously, one has many possibilities to parametrize space—time by introducing some general-
ized coordinates xJ (x). But one should exclude all those which are accessible by a Lorentz
transformation. Those are included anyway in a covariant formalism. This limits considerably the
freedom and excludes, for example, almost all rotation angles. Following Dirac [123] there are no
more than three basically different parametrizations. They are illustrated in Fig. 1, and cannot be
mapped on each other by a Lorentz transform. They differ by the hypersphere on which the fields
are initialized, and correspondingly one has different “times”. Each of these space—time parametriz-
ations has thus its own Hamiltonian, and correspondingly Dirac [123] speaks of the three forms of
Hamiltonian dynamics: The instant form is the familiar one, with its hypersphere given by t"0. In
the front form the hypersphere is a tangent plane to the light cone. In the point form the time-like
coordinate is identified with the eigentime of a physical system and the hypersphere has a shape of
a hyperboloid.

Which of the three forms should be prefered? The question is diffi cult to answer, in fact it is
ill-posed. In principle, all three forms should yield the same physical results, since physics should
not depend on how one parametrizes the space (and the time). If it depends on it, one has made
a mistake. But usually one adjusts parametrization to the nature of the physical problem to
simplify the amount of practical work. Since one knows so little on the typical solutions of a field
theory, it might well be worth the effort to admit also other than the conventional “instant” form.

The bulk of research on field theory implicitly uses the instant form, which we do not even
attempt to summarize. Although it is the conventional choice for quantizing field theory, it has

S.J. Brodsky et al. / Physics Reports 301 (1998) 299—486 315

 A useful alternative to ordinary equal-time quantization: light-front time x+=ct+z, spatial 
coordinate x- =ct-z.

A natural formalism in describing hard hadron scattering, where the particles move at near 
speed of light. The PDF, GPDs and TMDs are all defined within the front form.

A relativistic description of bound systems in terms of quantum-mechanical-like wave 
functions, i.e., the light front wave functions (LFWFs).The LFWFs are total momentum-
independent (only internal coordinates/momentum) and frame-independent (boost 
invariant). They keep all the non-perturbative dynamical information of the hadron's 
internal structure.

!12

Light-front QCD

https://en.wikipedia.org/wiki/Quantization_(physics)
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f1,⇡(x, k
2
?) =

Z
d⇠�d2⇠?
(2⇡)3

ei(⇠
�k+�⇠?·k?)h⇡(P )|q̄(0)�+q(⇠�, ⇠?)|⇡(P )i.

Light-front approach
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f1,⇡(x, k
2
?) =

Z
d⇠�d2⇠?
(2⇡)3

ei(⇠
�k+�⇠?·k?)h⇡(P )|q̄(0)�+q(⇠�, ⇠?)|⇡(P )i.

Decomposition
q(+)(⇠

�, ⇠?) + q(�)(⇠
�, ⇠?)

canonical expansion

q(+)(⇠
+ = 0, ⇠�, ⇠?) =

R
d2k?
(2⇡)3

dk+

2k+

P
�[b�(k)u(k�)e

�i(k+⇠��~k?~⇠?)+d+� (k)⌫(k�)e
i(k+⇠��~k?~⇠?)]

Light-front approach
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f1,⇡(x, k
2
?) =

Z
d⇠�d2⇠?
(2⇡)3

ei(⇠
�k+�⇠?·k?)h⇡(P )|q̄(0)�+q(⇠�, ⇠?)|⇡(P )i.

Decomposition
q(+)(⇠

�, ⇠?) + q(�)(⇠
�, ⇠?)

canonical expansion

q(+)(⇠
+ = 0, ⇠�, ⇠?) =

R
d2k?
(2⇡)3

dk+

2k+

P
�[b�(k)u(k�)e

�i(k+⇠��~k?~⇠?)+d+� (k)⌫(k�)e
i(k+⇠��~k?~⇠?)]

Light-front approach
Fock Expansion

|⇡+(P )iLz=0 =

Z
d2k?
2(2⇡)3

dxp
x(1� x)

 "#(x, k?)[b
†
u"i(x, k?)d

†
d#i(1� x,�k?)� b†u#i(x, k?)d

†
d"i(1� x,�k?)]|0i

|⇡+(P )i|Lz|=1 =

Z
d2k?
2(2⇡)3

dxp
x(1� x)

 ""(x, k?)[(k1 � ik2)b
†
u"i(x, k?)d

†
d"i(1� x,�k?)+

+ (k1 + ik2)b
†
u#i(x, k?)d

†
d#i(1� x,�k?)]|0i
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f1,⇡(x, k
2
?) =

Z
d⇠�d2⇠?
(2⇡)3

ei(⇠
�k+�⇠?·k?)h⇡(P )|q̄(0)�+q(⇠�, ⇠?)|⇡(P )i.

Decomposition
q(+)(⇠

�, ⇠?) + q(�)(⇠
�, ⇠?)

canonical expansion

q(+)(⇠
+ = 0, ⇠�, ⇠?) =

R
d2k?
(2⇡)3

dk+

2k+

P
�[b�(k)u(k�)e

�i(k+⇠��~k?~⇠?)+d+� (k)⌫(k�)e
i(k+⇠��~k?~⇠?)]

Light-front approach
Fock Expansion

|⇡+(P )iLz=0 =

Z
d2k?
2(2⇡)3

dxp
x(1� x)

 "#(x, k?)[b
†
u"i(x, k?)d

†
d#i(1� x,�k?)� b†u#i(x, k?)d

†
d"i(1� x,�k?)]|0i

|⇡+(P )i|Lz|=1 =

Z
d2k?
2(2⇡)3

dxp
x(1� x)

 ""(x, k?)[(k1 � ik2)b
†
u"i(x, k?)d

†
d"i(1� x,�k?)+

+ (k1 + ik2)b
†
u#i(x, k?)d

†
d#i(1� x,�k?)]|0i

LFWFs: spin-antiparallel and spin-parallel, later denoted as  0(x, k2?) &  1(x, k2?).
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f1,⇡(x, k
2
?) =

Z
d⇠�d2⇠?
(2⇡)3

ei(⇠
�k+�⇠?·k?)h⇡(P )|q̄(0)�+q(⇠�, ⇠?)|⇡(P )i.

Decomposition
q(+)(⇠

�, ⇠?) + q(�)(⇠
�, ⇠?)

canonical expansion

q(+)(⇠
+ = 0, ⇠�, ⇠?) =

R
d2k?
(2⇡)3

dk+

2k+

P
�[b�(k)u(k�)e

�i(k+⇠��~k?~⇠?)+d+� (k)⌫(k�)e
i(k+⇠��~k?~⇠?)]

Light-front approach
Fock Expansion

|⇡+(P )iLz=0 =

Z
d2k?
2(2⇡)3

dxp
x(1� x)

 "#(x, k?)[b
†
u"i(x, k?)d

†
d#i(1� x,�k?)� b†u#i(x, k?)d

†
d"i(1� x,�k?)]|0i

|⇡+(P )i|Lz|=1 =

Z
d2k?
2(2⇡)3

dxp
x(1� x)

 ""(x, k?)[(k1 � ik2)b
†
u"i(x, k?)d

†
d"i(1� x,�k?)+

+ (k1 + ik2)b
†
u#i(x, k?)d

†
d#i(1� x,�k?)]|0i

LFWFs: spin-antiparallel and spin-parallel, later denoted as  0(x, k2?) &  1(x, k2?).
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f1,⇡(x,k
2
?) = | "#(x, k

2
?)|2 + k2?| ""(x, k

2
?)|2

(M. Burkardt et al, PLB 2002)
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LFWFs
The LFWFs can be computed by diagonalizing the light-front QCD Hamiltonian operator.
A great challenge to computation. 
Effective interactions have been used, i.e., holographic QCD.

 0(x, k
2
?) =

p
3i

Z
dk̂2

2⇡
TrD [/n�5�(k;P )] �(xP · n� k · n),

 1(x, k
2
?) =

p
3

k̃2

Z
dk̂2

2⇡
TrD

h
�µ⌫nµk̃⌫�5�(k;P )

i
�(xP · n� k · n),

where k̂ = (k0, k3), k̃ = (0,~k?, 0) and n2 = 0

LFWFs & BS wave function:

h0|d̄+(0)�+�5u+(⇠
�, ⇠?)|⇡+(P )i = i

p
6P+ 0(⇠

�, ⇠?),

h0|d̄+(0)�+i�5u+(⇠
�, ⇠?)|⇡+(P )i = �i

p
6P+@i 1(⇠

�, ⇠?).

Fourier transformation of LFWF

Correlation function & LFWFs:

Correlation function & BS wave function:

M. Burkardt et al, PLB 2002

h0|T{ (⇠) ̄(0)}|⇡(P )i = e�iP⇠/2

Z
dk4e�i(k�P/2)⇠�(k, P )
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Extraction from Bethe-Salpeter wave function:
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LFWFs:

Z 1

0
dxxm 0(x, k

2
?)

E
=

p
3

|P · n|

Z
dk̂2

2⇡

✓
k · n
P · n

◆m

TrD[/n�5S(k�)�(k;P )S(k+)]

P
↵

z↵
i/p+m↵

i�5
P

�

R 1
�1 dz⇢�(z)

U�

(k2+zk·P+⇤2
�)

�

P
�

z�
i/p+m�

 0(x, k2?) =
R
dy0dz0 0

0(x, y
0, z0, k2?)

Conclusion:

Feynman parameterization 
change of integral variables

R 1
0 dx0x0m R

dy0dz0 0
0(x

0, y0, z0, k2?)

(Cedric Mezrag)

hxmik2
?
=

Z 1

0
dxxm 0(x, k

2
?)

E
=

p
3

|P · n|

Z
dk̂2

2⇡

✓
k · n
P · n

◆m

TrD[/n�5S(k)�(k;P )S(k � P )]
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Reconstruction from moments

Direct computation
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LFWFs:

ψ0(x,k⊥2)
ψ1(x,k⊥2)

Strong  support  at  IR,  a  consequence  of  the 
DCSB which  generates  significant  strength  in 
the infrared region of BS wave function.

In the ultraviolet region,                                and      
.              .  Embed  in  DSEs  (one-gluon 
exchange) and agree with pQCD prediction.  (Ji 
et al, EPJC 33,75)

 0(x, k2?) ⇠ 1/k2?
 1(x, k2?) ⇠ 1/k4?

k2?-dependence

 0(x, k2?) &  1(x, k2?)

0.2
0.4
0.6
0.8
1

1.2
1.4

ψ
0N
(x
,k

⊥2 )

0.0 0.2 0.4 0.6 0.8 1.0

0.2
0.4
0.6
0.8
1

1.2
1.4

x

ψ
1N
(x
,k

⊥2 )

 N
i (x, k

2
?) =

 i(x, k2?)R 1
0 dx i(x, k2?)

. (1)

x-dependence
Symmetric  respect  to  x=1/2,  u-d  iso-
spin symmetry. 

                 broad concave curves shrinks 
to  the  conformal  limit  6x(1-x)  as  k_T          
increases.

 

 0(x, k
2
?)
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Extracting TMD: Moments -> Feynman parameterization -> change of integral variables.

Covariant approach

in agreement with the literature [69]1. Considering the isospin symmetry, the soft pion theorem
can be reformulated as in equation (3.112). This approach has been first outlined in Ref. [105].

This analysis shows that the triangle diagram approximation is su⌅cient to get back the
soft pion theorem, providing that:

• progators and vertices are computed within the RL approximation (the previous ar-
guments may be generalised to any well-defined and symmetry-preserving truncation
scheme but we stick here to the RL truncation scheme),

• the vertices and propagators fulfil the AVWTI.

Consequently, it is expected that when using the numerical solutions of the Dyson-Schwinger
and Bethe-Salpeter equations in order to model GPDs, the soft pion theorem is recovered.

4.2 Forward case

The approach developed in chapter 3 is based on the assumption that the Mellin moments of
the pion GPD could be described using the so-called impulse approximation, i.e. the relevant
associated Feynman diagrams giving the main contribution are the “triangles ones” (figure
3.6). The small breaking of the x ✓ 1 ⇤ x symmetry shown on figure 3.16 can be explained
by additional terms contributing to the Mellin moments of the pion PDF.

4.2.1 Additional contributions to the triangle diagram

Within the triangle diagram approximation, the insertion of the local twist-two operators was
done directly on a quark propagator, between the two pion Bethe-Salpeter vertices (figure
3.6). Yet, it is possible to imagine that the twist-two operators could act directly inside the
vertices, either for the incoming pion or the outgoing one, leading to additional contributions
depicted on figure 4.4.

⌥ + +

Figure 4.4: Additional contributions to the triangle diagrams. The circle vertices correspond
to the Bethe-Salpeter amplitudes, whereas the squared vertices denote a new non-perturbative
object related to the Bethe-Salpeter amplitude but on which the twist-two operators also act.

In order to get insights of how those additional vertices are related to the Bethe-Salpeter
amplitude, and thus to be able to compute their contributions to the pion PDF, it is valuable
to carefully look at their internal structures in terms of quarks and gluons. Within the RL
approximation, the Bethe-Salpeter amplitude can be seen as an infinite number of gluon
exchanges between the two quarks. Consequently, it is possible to include the local twist-two

1
Depending on the conventions used, an additional factor 1/2 may appear in the literature, like for instance

in Ref. [158].

79

Full contribution in RL truncation. Additional contribution from the twist-two operators 
acting on the Bethe-Salpeter amplitude. Respects the nonlocal properties of the pion 
wave function. 

Give pion's pure valence picture as two fully dressed quarks, which carry all the pion’s 
light-front momentum at a characteristic hadronic scale. 

f(x, k2?) = � 1
2

R
d2k̂
(2⇡)4 �(k · n� xP · n)TrCD[in/G(k, P )]

f(x, k2?, µ0) = �Nc

2

Z
dk̂2

(2⇡)4
�(n · k � xn · P )TrD{n · @k

⇥
�̄⇡(k � P/2;�P )S(k)

⇤
�⇡(k � P/2;P )S(k � P )}.

( Lei Chang et al PLB 2014 )
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Fig. 2. Results for the quark PDF of the pion as function of x from the pure-valence LFWF (a) and the effective-valence LFWF (b), with the two sets of parameters in Table 1
corresponding with the lowest values of χ2

d.o.f. for non-vanishing quark mass. Solid curves: results at the initial scale of the model. Dashed curves: results after NLO evolution 
to Q = 5 GeV. Dashed band: parametrization at Q = 5 GeV from Ref. [67].

Fig. 3. Results for the quark TMD of the pion as function of x and k2
⊥ from the pure-valence LFWF (left) and the effective-valence LFWF (right) with the two sets of parameters 

in Table 1 corresponding with the lowest values of χ2
d.o.f. for non-vanishing quark mass.

correspond to a higher hadronic scale. This is the case when com-
paring the results between the effective-valence and pure-valence 
LFWF with m = 200 MeV and similar values of κ . However, for 
the other quark-mass scenarios we find similar values of Q 0 in the 
two models, which are compensated by much lower values for the 
parameter κ in the case of the effective-valence LFWF. Both the 
values of κ and the initial scale Q 0 differ with respect to [76,77].

3. TMD analysis

3.1. TMD evolution

The unpolarized TMD f1(x, k2
⊥) can be obtained from the fol-

lowing LFWF overlap [46]

f1(x,k2
⊥; Q 0) = 1

16π3 |ψqq/π (x, k⊥) |2, (10)

which reduces to the PDF in Eq. (5) after integration over k⊥ . Us-
ing the expressions in Eqs. (3) and (8), one finds that the TMD in 
both models is a Gaussian distribution in k⊥ , with an x-dependent 
mean square transverse momenta, i.e.

f V
1 (x,k2

⊥; Q 0) = A2

πκ2x(1 − x)
e
− k2

⊥+m2

κ2x(1−x) ,

⟨k2
⊥(x)⟩V = κ2x(1 − x), (11)

f E
1 (x,k2

⊥; Q 0) =
A2 log

(
1
x

)

πκ2(1 − x)2 e
− log

(
1
x

) k2
⊥+m2

κ2(1−x)2 ,

⟨k2
⊥(x)⟩E = κ2(1 − x)2

log(1/x)
, (12)

where k⊥ = |k⊥|. In Fig. 3 we show the results for the TMD in the 
two models, as function of x and k2

⊥ . As in the case of the PDF, 
the pure-valence model is symmetric under the exchange of x →
1 − x, while this symmetry is lost when including effects beyond 
the valence sector in the effective-valence LFWF. The fall-off in k2

⊥
is Gaussian in both models.

The width of the distribution ⟨k2
⊥(x)⟩ is shown as function of 

x in Fig. 4. It is slightly larger in the pure-valence model, with a 
maximum at x = 0.5 and the characteristic symmetric behaviour 
around the maximum. Integrating over x, one obtains ⟨k2

⊥⟩V =
0.023 GeV2. In the case of the effective-valence LFWF the maxi-
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TMDs from two approaches

COV
LF

� =

r
R 1
0 dx

R 1
0 dk2?

⇣
fCOV

1 (x,k2
?)�fLF

1 (x,k2
?)

fCOV

1 (x,k2
?)

⌘2
⇡ 16%

Unpolarized TMD obtained from the two approaches are close, e.g., their mean square root of 
deviation is

Both symmetric with respect to x=1/2, isospin symmetry manifest.

Significant  strength in  the  infrared which is  relevant  for  the  W-term in  TMD factorization. 
Importantly,  they are smooth and unimodal  instead of  the double peaked profile from ADS 
QCD. 

They both decrease as   1/k⊥4  in the ultraviolet, agree with pQCD.

(A. Bacchetta, S. Cotogno, B. Pasquini PLB2017)
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agator available, we obtained similar results from two
distinct approaches. They abide by the pQCD prediction
and agree well with experimental analysis. This work
therefore unifies pion’s valence PDF study with former
studies, e.g., the parton distribution amplitude and the
light front wave functions. Future study is expected
to deal with more informative subjects like transverse
momentum distributions (TMDs), or more complicated
objects like the nucleon.

NLO DGLAP evolution on v(x, µ0) performed with
the QCDNUM package.↵s(1GeV) = 0.491 and VFNS
is taken. The initial scale µ0 = 520 MeV produces
hxiµ2

v ⇠ 0.24 at µ2 = 2GeV, close to the ⇡N Drell-Yan
data analysis 2hxiµ2

v = 0.47(2) (Sutton1991,Gluck1999)
and lattice simulation 2hxiµ2

v = 0.48(4) (Detmold2003).
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and given that numerically h(↵ = 1) = 0, one has

f(x) = g(x)� h(x)� xh
0(x). (18)
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FIG. 1. The v(x, µ0) obtained with di↵erent models and
approaches. In the middle from top to bottom, curves are
obtained with algebrac model within light front approach
Eq. (10) (blue dotted) and within covariant approach Eq. (11)
(black dotdashed), the realsitic parameterization Eq. (??)
within covariant approach (black solid) and within light front
approach (blue dashed).

In this way, we get the realistic pion’s valence PDF at
hadronic scale µ0 within the covariant approach. It can
be parameterized using Eq. (15) with parameters in third
row of Table. II. It’s plotted as the black solid curve in
Fig. 1. Comparing to the blue dashed curve, we find the
deviation between them is not large and hence acceptable
in the senses that: i) The mean value of the absolute
relative di↵erence between the curves is 13%. ii) The
deviation between their moments hxmi is smaller than
10% for m  6 and 15% for m  10. iii) The two curves
will get even closer when we later evolve them to higher
scale where the scatterings take place. Finally, it’s worth
pointing out that all the curves in Fig. 1 fall o↵ ⇠ (1�x)2

as x ! 1. Therefore within both the light front and
covariant approaches, our parameterization Eqs. (12 –14)
respect the pQCD prediction on the hight-x behavior of
pion’s valence PDF.

We then perform the NLO DGLAP evolution on
v(x, µ0) using the QCDNUM package [25]. The strong
coupling constant is set to be the optimal value in NLO

global PDF analysis ↵s(1GeV) = 0.491 [26]. The vari-
able flavour number scheme (VFNS) is taken. This
setup gives ↵s(M2

z ) = 0.1203, close to the PDG esti-
mate ↵s(M2

z ) = 0.1182(12). As the non-singlet PDF, it
is found that for all v(x, µ0)’s, µ0 = 520 MeV produces
hxiµ2

v ⇠ 0.24 at µ2 = 2GeV, close to the ⇡N Drell-Yan
data analysis 2hxiµ2

v = 0.47(2) [27, 28] and lattice simu-
lation 2hxiµ2

v = 0.48(4) [29].

FIG. 2. The NLO evolved xv(x, µ5) obtained within the light
front approach (the lower boundary of the green band for
x . 0.5 and upper boundary for x & 0.5 ) and the covariant
approach (the other boundary of the green band). Both cases
employed the pion’s realistic parameterization from DSEs
study. The NLO analysis of Fermilab E-615 pionic Drell-
Yan data with (blue solid) and without (purple dot-dashed)
soft-gluon resummation are also shown.

The valence PDF evolved to µ5 = 5.2 GeV is plotted
in Fig. 2. We also show the preferred fit [30] based on
NLO analysis of Fermilab E-615 pionic Drell-Yan data
and the NLO re-analysis including soft-gluon resumma-
tion [4] (evolved to µ5). Our PDFs obtained from the
light front approach and the covariant approach are plot-
ted as the boundaries of the green band. The width of
the green band is small, e.g., the mean value of the ab-
solute relative di↵erence between two v(x, µ5)’s is 8%.
It’s therefore very encouraging to claim that the two dis-
tinct approaches yield very close results. On the other
hand, our result generally favors Aicher’s result in most
of the valence region, especially when x & 0.6. Note that
Aicher’s work highlighted the important role played by
the soft-gluon re-summation in revealing the pQCD pre-
diction that the valence PDF should behave as ⇠ (1�x)�

with � > 2. For example, the blue curve gives � > 2.34
while the purple curve gives � = 1.54± 0.08. Our PDFs
preserve this property since we have already recovered at
hadronic scale v(x;µ0) ⇠ (1�x)2, and DGLAP evolution
to higher scale shifts the support of v(x, µ0) to smaller x,
hence an increase in �.
To summarize, we have computed pion’s valence PDF

based on pion’s DSEs study. Employing the most real-
istic pion’s BS amplitude and dressed quark propagator

Solid: Cov 
Dashed:LF
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The valence PDF obtained from LF & COV approaches generate the green band. The 
green band is narrow, suggesting a good convergence of two approaches.

The green band is close to Aicher et al's  (Aicher PRL 2010) NLO analysis on E615 
employing the soft-gluon re-summation (blue solid curve).

Decrease as (1-x)2+β  (β>0) at large x, a consequence of (1-x)2  behavior at hadronic 
scale and DGLAP evolution. Consistent with pQCD prediction. 

Note: considering gluon contribution at hadronic scale would increase initial scale.
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agator available, we obtained similar results from two
distinct approaches. They abide by the pQCD prediction
and agree well with experimental analysis. This work
therefore unifies pion’s valence PDF study with former
studies, e.g., the parton distribution amplitude and the
light front wave functions. Future study is expected
to deal with more informative subjects like transverse
momentum distributions (TMDs), or more complicated
objects like the nucleon.

NLO DGLAP evolution on v(x, µ0) performed with
the QCDNUM package.↵s(1GeV) = 0.491 and VFNS
is taken. The initial scale µ0 = 520 MeV produces
hxiµ2

v ⇠ 0.24 at µ2 = 2GeV, close to the ⇡N Drell-Yan
data analysis 2hxiµ2

v = 0.47(2) (Sutton1991,Gluck1999)
and lattice simulation 2hxiµ2

v = 0.48(4) (Detmold2003).
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FIG. 1. The v(x, µ0) obtained with di↵erent models and
approaches. In the middle from top to bottom, curves are
obtained with algebrac model within light front approach
Eq. (10) (blue dotted) and within covariant approach Eq. (11)
(black dotdashed), the realsitic parameterization Eq. (??)
within covariant approach (black solid) and within light front
approach (blue dashed).

In this way, we get the realistic pion’s valence PDF at
hadronic scale µ0 within the covariant approach. It can
be parameterized using Eq. (15) with parameters in third
row of Table. II. It’s plotted as the black solid curve in
Fig. 1. Comparing to the blue dashed curve, we find the
deviation between them is not large and hence acceptable
in the senses that: i) The mean value of the absolute
relative di↵erence between the curves is 13%. ii) The
deviation between their moments hxmi is smaller than
10% for m  6 and 15% for m  10. iii) The two curves
will get even closer when we later evolve them to higher
scale where the scatterings take place. Finally, it’s worth
pointing out that all the curves in Fig. 1 fall o↵ ⇠ (1�x)2

as x ! 1. Therefore within both the light front and
covariant approaches, our parameterization Eqs. (12 –14)
respect the pQCD prediction on the hight-x behavior of
pion’s valence PDF.

We then perform the NLO DGLAP evolution on
v(x, µ0) using the QCDNUM package [25]. The strong
coupling constant is set to be the optimal value in NLO

global PDF analysis ↵s(1GeV) = 0.491 [26]. The vari-
able flavour number scheme (VFNS) is taken. This
setup gives ↵s(M2

z ) = 0.1203, close to the PDG esti-
mate ↵s(M2

z ) = 0.1182(12). As the non-singlet PDF, it
is found that for all v(x, µ0)’s, µ0 = 520 MeV produces
hxiµ2

v ⇠ 0.24 at µ2 = 2GeV, close to the ⇡N Drell-Yan
data analysis 2hxiµ2

v = 0.47(2) [27, 28] and lattice simu-
lation 2hxiµ2

v = 0.48(4) [29].

FIG. 2. The NLO evolved xv(x, µ5) obtained within the light
front approach (the lower boundary of the green band for
x . 0.5 and upper boundary for x & 0.5 ) and the covariant
approach (the other boundary of the green band). Both cases
employed the pion’s realistic parameterization from DSEs
study. The NLO analysis of Fermilab E-615 pionic Drell-
Yan data with (blue solid) and without (purple dot-dashed)
soft-gluon resummation are also shown.

The valence PDF evolved to µ5 = 5.2 GeV is plotted
in Fig. 2. We also show the preferred fit [30] based on
NLO analysis of Fermilab E-615 pionic Drell-Yan data
and the NLO re-analysis including soft-gluon resumma-
tion [4] (evolved to µ5). Our PDFs obtained from the
light front approach and the covariant approach are plot-
ted as the boundaries of the green band. The width of
the green band is small, e.g., the mean value of the ab-
solute relative di↵erence between two v(x, µ5)’s is 8%.
It’s therefore very encouraging to claim that the two dis-
tinct approaches yield very close results. On the other
hand, our result generally favors Aicher’s result in most
of the valence region, especially when x & 0.6. Note that
Aicher’s work highlighted the important role played by
the soft-gluon re-summation in revealing the pQCD pre-
diction that the valence PDF should behave as ⇠ (1�x)�

with � > 2. For example, the blue curve gives � > 2.34
while the purple curve gives � = 1.54± 0.08. Our PDFs
preserve this property since we have already recovered at
hadronic scale v(x;µ0) ⇠ (1�x)2, and DGLAP evolution
to higher scale shifts the support of v(x, µ0) to smaller x,
hence an increase in �.
To summarize, we have computed pion’s valence PDF

based on pion’s DSEs study. Employing the most real-
istic pion’s BS amplitude and dressed quark propagator
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hk2?(x)iG
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TMD: Gaussian Ansatz

fq
1,G(x, k

2
?) = fq

1 (x, 0)exp(�k2?/hk2?(x)iG),
hk2?(x)iG = fq(x)/(⇡fq

1 (x, 0)).

Gaussian ansatz with non-constant  
 

hk2?(x)iG

The Gaussian Ansatz approximates the profile our TMDs when k⊥ is not large.

                  varies about 15% when x in [0.1,0.9]. Separable k⊥ and x dependence works as an 
approximation. (Invalid at higher k⊥)

                                         within the general estimated region                              . (Stanley  
Brodsky PRD2011). 

TMD evolution?

0.2 0.4 0.6 0.8 1.0
k⊥

0.5

1.0

1.5

2.0

2.5

f1(x,k⊥2)

Original

Gaussian

From up to bottom, x=0.5, 0.3, 0.1 respectively

[(0.3GeV)2, (0.5GeV)2]

hk2?(x)iG

hk2?iG ⇡ 0.19(1) GeV2



TMD evolution:
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µ2 d

dµ2
Ff h(x,~b;µ, ⇣) =

1

2
�f
F (µ, ⇣)Ff h(x,~b;µ, ⇣),

⇣
d

d⇣
Ff h(x,~b;µ, ⇣) = �Df (µ,~b)Ff h(x,~b;µ, ⇣).
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The scale μ is the standard RG scale, with the additional rapidity factorization scale ζ to 
regularize the light-cone divergence arising from Wilson lines. They were usually chosen to 
be the same order of scattering scale.

The renormalization group (RG) equation TMD PDF:
Anomalous Dimension

TMD PDF in the 
coordinate space

TMD PDF at initial scale, 
non-perturbative input.

Contains a non-perturbative term of the anomalous 
dimension D at large b, i.e., -g2b2 

Ff h(x,~b;µf , ⇣f ) = exp[

Z

P
(�f

F (µ, ⇣)
dµ

µ
�Df (µ,~b)

d⇣

⇣
)]Ff h(x,~b;µi, ⇣i)
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b*-prescription:  
b⇤ = bmax

 
1� e�b4?/b4max

1� e�b4?/b4min

!1/4
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It saturates at the cut off bmax where non-perturbative (small kT) TMD 
PDF dominates. Matching the large and small bT behavior. 

Extraction of partonic transverse momentum distributions from semi-inclusive deep-inelastic 
scattering, Drell-Yan and Z-boson production (Alessandro Bacchetta et al, JHEP06(2017)081)  

ζ-prescription: 
Allows to minimize the impact of perturbative logarithms in a large 
range of scales and does not generate undesired power corrections. 

µ2 dF (x,b;µ, ⇣µ)

dµ2
= 0
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(µi, ⇣i) ! (µi, ⇣µ) instead of (µi, ⇣i) ! (µf , ⇣f )
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where

Analysis of vector boson production within TMD factorization (Alexey Vladimirov 

 et al, Eur. Phys. J. C (2018) 78:89 )
–E288: Drell-Yan process, at 4 < Q < 14 GeV.

–CDF/D0: Z-boson production at √s = 1.8, 1.96 TeV. 

–ATLAS/CMS/LHCb: Z-boson production at s = 7, 8, 13 TeV.

–ATLAS:Vector boson production outside the Z-peak 
(46<Q<66and116<Q<150GeV)at√s=8 TeV. arTeMiDe code

– HERMES and COMPASS, SIDIS, 10 GeV2 >Q2 > 1.4 GeV2 

– E288 and E605, DY, 100 GeV2 >Q2 > 16 GeV2

TMD evolution:

, 0.36>xF >0
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f1,πu
_

(x,k⊥2;μ0)
10×f1,πu

_
(x,k⊥2;μ)

Evolution has a significant effect, leading to approximately an order of magnitude of 
suppression at small kT , and a broad tail at larger kT .  

The evolved TMD PDF at smaller x is broader than that at large x( No longer symmetric 
in x, No factorized kT  dependence). 

Experiment?

TMD evolution:
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d!

d4qd!
¼ "2

em

Fq2
fðð1þ cos2#ÞF1

UU þ ð1% cos2#ÞF2
UU þ sin2#cos$Fcos$

UU þ sin2#cos2$Fcos2$
UU Þ

þ SaLðsin2#sin$Fsin$
LU þ sin2#sin2$Fsin2$

LU Þ þ SbLðsin2#sin$Fsin$
UL þ sin2#sin2$Fsin2$

UL Þ
þ j ~SaTj½sin$aðð1þ cos2#ÞF1

TU þ ð1% cos2#ÞF2
TU þ sin2#cos$Fcos$

TU þ sin2#cos2$Fcos2$
TU Þ

þ cos$aðsin2#sin$Fsin$
TU þ sin2#sin2$Fsin2$

TU Þ' þ j ~SbTj½sin$bðð1þ cos2#ÞF1
UT þ ð1% cos2#ÞF2

UT

þ sin2#cos$Fcos$
UT þ sin2#cos2$Fcos2$

UT Þ þ cos$bðsin2#sin$Fsin$
UT þ sin2#sin2$Fsin2$

UT Þ'
þ SaLSbLðð1þ cos2#ÞF1

LL þ ð1% cos2#ÞF2
LL þ sin2#cos$Fcos$

LL þ sin2#cos2$Fcos2$
LL Þ

þ SaLj ~SbTj½cos$bðð1þ cos2#ÞF1
LT þ ð1% cos2#ÞF2

LT þ sin2#cos$Fcos$
LT þ sin2#cos2$Fcos2$

LT Þ
þ sin$bðsin2#sin$Fsin$

LT þ sin2#sin2$Fsin2$
LT Þ' þ j ~SaTjSbL½cos$aðð1þ cos2#ÞF1

TL þ ð1% cos2#ÞF2
TL

þ sin2#cos$Fcos$
TL þ sin2#cos2$Fcos2$

TL Þ þ sin$aðsin2#sin$Fsin$
TL þ sin2#sin2$Fsin2$

TL Þ'
þ j ~SaTjj ~SbTj½cosð$a þ$bÞðð1þ cos2#ÞF1

TT þ ð1% cos2#ÞF2
TT þ sin2#cos$Fcos$

TT þ sin2#cos2$Fcos2$
TT Þ

þ cosð$a %$bÞðð1þ cos2#Þ "F1
TT þ ð1% cos2#Þ "F2

TT þ sin2#cos$ "Fcos$
TT þ sin2#cos2$ "Fcos2$

TT Þ
þ sinð$a þ$bÞðsin2#sin$Fsin$

TT þ sin2#sin2$Fsin2$
TT Þ

þ sinð$a %$bÞðsin2#sin$ "Fsin$
TT þ sin2#sin2$ "Fsin2$

TT Þ'g: (57)

In Eq. (57) 48 structure functions show up which exactly
matches with the number of the Vi defined in Sec. III. The
structure functions again depend on the three variables Pa (
q, Pb (q, and q2, i.e., F1

UU ¼ F1
UUðPa (q; Pb (q; q2Þ and

so on.We refrain from giving the explicit relations between
the structure functions in (57) and the Vi because these
lengthy formulae are not needed for the following discus-
sion. In order to shorten the notation in (57) we left out
indices for the angles which characterize the lepton mo-
menta and the transverse spin vectors of the hadrons. There
is yet another reason for omitting those indices: the form of
the angular distribution in (57) holds for any dilepton rest
frame and not just the CS-frame. The numerical values of
the structure functions of course change when going from
one frame to another. Furthermore, note that the compo-
nents of the spin vectors can be understood in different
frames like the rest frame of one of the hadrons, the cm-
frame, or a dilepton rest frame.

In particular for the angular distribution of the unpolar-
ized cross section different notations can be found in the
literature (see, e.g., [37] and references therein). Here we
just quote the frequently used formula

dN

d!
) d!

d4qd!

!
d!

d4q

¼ 3

4%

1

&þ 3

"
1þ &cos2#þ' sin2#cos$

þ (

2
sin2#cos2$

#
: (58)

One readily finds

& ¼ F1
UU % F2

UU

F1
UU þ F2

UU

;

' ¼ Fcos$
UU

F1
UU þ F2

UU

;

( ¼ 2Fcos2$
UU

F1
UU þ F2

UU

:

(59)

The so-called Lam-Tung relation [35,36,39]

&þ 2( ¼ 1; (60)

which in terms of the structure functions defined in (57)
reads

F2
UU ¼ 2Fcos2$

UU ; (61)

has attracted considerable attention in the past. This rela-
tion is exact if one computes the DY process to Oð"sÞ in
the standard collinear perturbative QCD framework. Even
at Oð"2

sÞ the numerical violation of (60) is small [40]. On
the other hand data for %%N ! '%'þX taken at CERN
[41,42] and at Fermilab [43] are in disagreement with the
Lam-Tung relation. In particular, an unexpectedly large
cos2$ modulation of the cross section was observed, and
in the meantime different explanations for this phenome-
non have been put forward in the literature [44– 50]. In
Ref. [33] it was pointed out that intrinsic transverse motion
of initial state partons might be responsible for the ob-
served violation of the Lam-Tung relation. In the following
section we will briefly return to this point in connection
with the parton model calculation. It is also worthwhile to
mention that more recent Fermilab data on proton-deuteron
Drell-Yan do agree with the Lam-Tung relation [51].

DILEPTON PRODUCTION FROM POLARIZED HADRON . . . PHYSICAL REVIEW D 79, 034005 (2009)

034005-9

Drell-Yan Process
General form of the DY cross section: 

Collins-Soper frame

purpose, we will use the results for f1;πðxÞ and h
⊥ð1Þ
1;π ðxÞ LO

evolved in x to experimental scales—exactly and approx-
imately, respectively, as described in Sec. V C and the
present Sec. V F. Before applying the model results to
phenomenology, in the following section we will estimate
the broadening of transverse momenta at the large scales
typically probed in DY experiments.

VI. THE DRELL-YAN PROCESS WITH
UNPOLARIZED HADRONS

In this section we introduce the concepts required to
describe the Drell-Yan process in the parton model taking
into account transverse momentum effects. Our treatment
will be pragmatic and phenomenological.

A. Kinematics, variables, conventions

Let p1;2 denote the momenta of the incoming hadrons
h1;2, and let l, l0 be the momenta of the outgoing lepton pair.
The kinematics of the process is described by the center-of-
mass energy square s, invariant mass of the lepton pair Q,
rapidity y or the Feynman variable xF, and the variable τ
which are defined and related to each other as

s ¼ ðp1 þ p2Þ2; q ¼ lþ l0; Q2 ¼ q2;

y ¼ 1

2
ln
p2 · q
p1 · q

¼ 1

2
ln
x1
x2

; xF ¼ x1 − x2;

τ≡Q2

s
¼ x1x2: ð37Þ

In the parton model the xi denote the fractions of the hadron
momenta pi carried by (respectively) the annihilating
parton or antiparton, and are given by (the þ signs refer
to x1, the − signs x2)

x1;2 ¼ % xF
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2F
4
þ τ

r
¼

ffiffiffi
τ

p
e%y: ð38Þ

In the lab frame, where one hadron is a target or where
both hadrons are beam particles, the produced lepton pair
will in general have a three-momentum q ¼ l þ l0 ≠ 0. It is

often convenient to analyze the data in a dilepton rest
frame. There are various frames, including several dilepton
rest frames, that are routinely used for data analyses, see
Refs. [18–22] for an overview. The differences between the
different frames are of order OðqT=QÞ. In the following we
will work in the Collins-Soper frame, which is defined in
Fig. 6, and use only data analyzed in that frame.
In this work we will consider pion-nucleus collisions.

The used convention is such that x1 describes the momen-
tum fraction of the parton from π−, while x2 describes the
momentum fraction of the parton from the nucleon bound
in the nucleus. In order to describe nuclei with proton
number Z and neutron number N we will neglect nuclear
binding effects and assume that, for instance, fu1= nucleus ¼
ðZ=AÞfu1= proton þ ðN=AÞfu1= neutron, where A ¼ N þ Z
denotes the mass number of the nucleus. The neglect of
nuclear binding effects is a justified step for qT ≲ 3 GeV
[14,16], which includes the kinematic region of interest for
our study.

B. Structure functions in unpolarized DY

The angular distribution of the DY lepton pairs origi-
nating from collisions of unpolarized hadrons is given in
the Collins-Soper frame by (see Fig. 6 for the definition of
angles),

dN
dΩ

≡ dσ
d4qdΩ

=
dσ
d4q

¼ 3

4π
1

λþ 3

"
1þ λcos2θ þ μ sin 2θ cosϕþ ν

2
sin2θ cos 2ϕ

#
: ð39Þ

In the notation of Ref. [20] the coefficients λ, μ, ν can
be expressed in terms of DY structure functions as
follows:

λ¼F1
UU−F2

UU

F1
UUþF2

UU
; μ¼ Fcosϕ

UU

F1
UUþF2

UU
; ν¼ 2Fcos2ϕ

UU

F1
UUþF2

UU
:

ð40Þ

The so-called Lam-Tung relation claims λþ 2ν ¼ 1,
which reads in terms of structure functions F2

UU ¼
2Fcos 2ϕ

UU . This relation is exact if one treats the DY process
to OðαsÞ in the standard collinear factorization QCD
framework [42,43]. At Oðα2sÞ the Lam-Tung relation is
violated, though at a numerically negligible rate [44].
However, DY data from pion-nucleus collisions show
that it is strongly violated, calling for a nonperturbative

z-axis

x-
ax

is φ

θ
l

l′ h1
h2

α α

lepton plane
ha

dr
on

 p
la

ne

FIG. 6 (color online). The definition of the angles θ and ϕ in the
Collins-Soper frame. This frame is the center-of-mass frame of
the produced leptons in which the hadrons are incoming
symmetrically with respect to the z axis (at an angle α in the
figure) with the transverse momentum qT .

PION TRANSVERSE MOMENTUM DEPENDENT PARTON … PHYSICAL REVIEW D 90, 014050 (2014)

014050-11

q is the di-lepton momentum, θ and φ 
are the angles in the Collins-Soper frame.

Lorentz invariant 
structure functions

unpolarized-unpolarized 
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"Experimental study of muon pairs produced by 252-GeV pions on tungsten",   Conway, J.S. et al. 
Phys.Rev. D39 (1989) 92-122.

Transverse momentum dependence parameterized by function P(qT;xF ,mμ μ ) (DATA!)

Experiment (E615)

Theory

d3�

dx⇡dxNdqT
=

d2�

dx⇡dxN
P (qT ;xF ,mµµ).
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q0 =

p
s

2
(x⇡ + xN )

q3 =

p
3

2
(x⇡ � xN )
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F 1
UU (x1, x2, qT ) =

1

Nc

X

a

e2a

Z
d2k1?d

2k2?�
(2)(qT � k1? � k2?)f

ā
1,⇡(x1, k

2
1?)f

a
1,N (x2, k

2
2?).
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P (qT ;xF ,mµµ) / |qT |F 1
UU (qT ;xF , ⌧)
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TMD formalism:

(leading twist)

offer by DSEs&evolution borrow from global analysis

Examine:

Drell-Yan Process

d3�

dx⇡dxNdqT
/ |qT |F 1

uu(x⇡, xN , qT )
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0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

qT

P(
q T
;x
F
,m

μμ
)/q

T

The fitting function P (qT ;xF ,mµµ)/qT at xF = 0.0 (red solid), 0.25 (green

solid) and 0.5 (blue solid). The band colored bands are our results based on

b*-prescription, with upper boundary corresponding to g2 = 0.09 and lower

boundary for g0 = 0.0. The dashed lines are obtained following ⇣-prescription
where g2 is found to be consistent with zero at NNLL/NNLO.
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Our results using two evolution schemes generally agree with E615 measurement. In 
particular, when g2 goes to zero as suggested by ζ-prescription at higher order. The 
deviation is less than 10%for  xF =0 and xF =0.25, and increases to 30% at most for xF = 
0.5. 

 Our calculation also shows the TMD formalism becomes less valid as xF goes larger, 
where TMD formalism is believed to be less valid. Berger- Brodsky effect with pion 
distribution amplitude. 

Drell-Yan Process
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Non-symmetric in x=0.5,  skewed with s quark carrying more longitudinal momentum 
fraction.

                                                           , not the simple flavor independence in k_\perp.

The width of transverse momentum increases by about 10%, m_s/m_u masked by DCSB 
effect.

Flavor Dependence of TMD PDF in Kaon

fu(x, k2?) = fs(1� x, k2?)
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Summary

QCD's DSE

S(q) & �(k;P )

Light Front 
Approach Covariant 

Approach 

TMD

b*-prescription   ζ-prescription


TMD (6 GeV) 

       σDY

Findings & Conclusion

1. Based on two approaches, the TMDs 
at hadronic scale have the smooth 
and un imoda l , d ifferen t f rom 
holographic QCD prediction.


2. Gassuian ansatz serves as an 
approximation to TMD in the IR at 
hadronic scale.  


3. Evolved TMD gets suppressed in 
magnitude with a broader tail.


4. Good agreement with E615 data on 
t h e t r a n s v e r s e m o m e n t u m 
dependence in the TMD region. 


5. Flavor dependence in TMD PDF from 
kaon.

Outlook

1. Boer-Mulders function: careful 
treatment on the Wilson line; positivity 
relation to be satisfied.

2. Nuc leon: DSEs ready ; LFWF 
projections ready; formulation and 
computation!
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