
- - ~  Nuclear Physics B9 (1969) 331-348. North-Holland Publ. Comp., Amsterdam 

LONGITUDINAL PHASE-SPACE PLOTS 
OF MULTIPARTICLE HADRON COLLISIONS 

AT HIGH ENERGY 

L. VAN HOVE 
C E R N  - G e n e v a  

Received 9 January 1969 

Abstract: The accurate study of collisions with more than two particles in the final 
state is greatly hampered by the high dimensionality of the phase space in which 
the distribution of final states must be investigated. Taking advantage of the fact 
that in hadron collisions at high energy all t ransverse  momenta remain generally 
small ,  we separate phase space into its longitudinal and t ransverse  parts,  and we 
show that for a n-par t ic le  collision the longitudinal phase-space distribution r e -  
duces to a manifold of dimension n-2 .  We study the main properties of longitudinal 
phase-space plots, the way in which relat ivist ical ly invariant subenergies and 
momentum t ransfers  vary along them, as well as the qualitative properties of 
reggeized mult iperipheral  amplitudes. The longitudinal phase-space plot is pa- 
rametr ized by new angular variables ~o 1 . . . .  COn_ 2 and the interest  of plotting 
events against them is demonstrated. The paper ends with a new method for Mon- 
te Carlo integration of phase-space integrals .  

1. INTRODUCTION 

The  d y n a m i c a l  s tudy of h a d r o n  c o l l i s i o n s  with m o r e  than  two p a r t i c l e s  in 
the  f ina l  s t a t e  is  g r e a t l y  h a m p e r e d  by the high d i m e n s i o n a l i t y  of phase  
space .  The  c o m m o n  p r o c e d u r e s  of p lo t t ing  s ing l e  p a r t i c l e  m o m e n t u m  d i s -  
t r i b u t i o n s  or  t w o - p a r t i c l e  e f fec t ive  m a s s  d i s t r i b u t i o n s  g ive  only a v e r y  i n -  
c o m p l e t e  r e f l e c t i o n  of the t r u e  e x p e r i m e n t a l  p h a s e - s p a c e  d i s t r i b u t i o n ,  and 
they a r e  t h e r e f o r e  of l i m i t e d  u se  for  d i s c o v e r i n g  e m p i r i c a l  c h a r a c t e r i s t i c s  
of the da ta  as  wel l  as for  t e s t i n g  e x p e r i m e n t a l l y  the d y n a m i c a l  m o d e l s  p r o -  
posed  by s t r o n g  i n t e r a c t i o n  theory .  

As s u g g e s t e d  e a r l i e r  [1], we b e l i e v e  tha t  t h e s e  d i f f i cu l t i e s  can be a l l e -  
v i a t ed  in  the c a s e  of m u l t i p a r t i c l e  c o l l i s i o n s  at high e n e r g y  ( inc iden t  lab  
e n e r g y  E l a  b > 8 GeV) by m e a n s  of l ong i tud ina l  p h a s e - s p a c e  p lo ts .  The  u s e -  
f u l n e s s  of t he se  p lo t s  s t e m s  f r o m  the w e l l - k n o w n  e m p i r i c a l  fac t  tha t  the 
t r a n s v e r s e  m o m e n t a  of outgoing p a r t i c l e s  a r e  r e s t r i c t e d  to s m a l l  v a l u e s ,  
t h e i r  a v e r a g e  be ing  of o r d e r  0.3 to 0.4 G e V / c  for  p ions  and p r o t o n s  r e s p e c -  
t ive ly ,  and  a r e  l a r g e l y  i ndependen t  of i nc iden t  e ne r gy .  Concequen t ly ,  when 
the l a t t e r  i s  l a r g e ,  the  p h a s e - s p a c e  d i s t r i b u t i o n  ex tends  m a i n l y  in  the d i -  
r e c t i o n s  c o r r e s p o n d i n g  to l a r g e  l ong i tud ina l  m o m e n t a ,  and  m a n y  of i t s  
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c h a r a c t e r i s t i c  fea tures  can a l ready be read f rom analyzing its project ion 
on longitudinal phase space.  

The presen t  paper  desc r ibes  the main kinematic  p roper t i e s  of longitu- 
dinal phase - space  plots,  especial ly  for 3 and 4 par t ic le  col l is ions,  in the 
approximat ion where the m a s s e s  and the t r a n s v e r s e  momenta  are  small  
compared  with the incident c e n t e r - o f - m a s s  (c.m.) momentum (sects.  2 and 
3). It d i scusses  the dis tr ibut ion of invariant  subenergies  and momentum 
t r a n s f e r s  in longitudinal phase space,  as  well as the quali tative p roper t i e s  
of double Regge ampli tudes for a t h r ee -pa r t i c l e  coll is ion (sects.  4 and 5). 
It a lso proposes  a new method for Monte Carlo  integrat ion of (complete) 
phase - space  in tegrals  which should become useful when the above approxi-  
mation holds (sect. 6 and appendix). 

2. LONGITUDINAL PHASE SPACE AT HIGH ENERGY 
AND SMALL TRANSVERSE MOMENTA 

We consider  the coll is ion A + B  -~ C 1 + . . .  C n. Let  Wbe  its total c.m. 
energy.  We denote the c.m. longitudinal momentum of Ci by qi, its t r ans -  
ve r se  momentum by r i and its c.m. energy by 

2 _2 _2,½ ,2 2 1 
= (mi  +qi  )~ (1) E i = (m i + r i +qi I 

, _ 2 2)½ . (2 )  rn .= (m i + r 
Z 

t 

m i can be cal led an effective mass  for  longitudinal motion. We have Here ,  
of course  

n n ?/ 

E i =  W ,  ~ q i  = 0 ,  ~ r i = 0 .  (3) 
1 1 1 

We propose  to r ep re sen t  each individual coll is ion by the point of coord i -  
nates  q l , . .  • qn in the n-d imens iona l  euelidean spaee Sn. Momentum eon- 
servat ion,  eq. (3), implies  that all such points lie in the (n - l ) -  dimensional  
hyperplane Ln_ 1 of equation ~ qi  = O. We call Ln-1 the longitudinal  p h a s e  
space .  For  fixed values of the r i and hence of the rn~, the points (ql, . . .  qn) 
lie on the (n-2)- dimensional  hype r su r face  Kn_ 2 defined in Ln_ 1 by the 
equation 

n ,2 2 1 
(m i +q )-~ = W .  (4/ 

1 

all q2 >> rn~2, this equation reduces  to When 

n 

]qi] = W ,  (5) 
1 
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which  d e f i n e s  a p o l y h e d r o n  Hn_ 2 in Ln_ 1. I t s  p l a n e  f a c e s  ob t a in  f o r  a l l  
qi ¢ 0. I t s  ' s i d e s '  of d i m e n s i o n a l i t i e s  n - 3 ,  n - 4 , . . . ,  and  i t s  v e r t i c e s  c o r -  
r e s p o n d  to p o i n t s  ( q l , .  • .qn)  w h e r e  1, 2 , . . . ,  n - 3 ,  and n - 2  of t he  qi v a n i s h .  
F o r  t h e s e  qi,  t he  a p p r o x i m a t i o n  of n e g l e c t i n g  m i i s  not  va l i d ,  and  i t  i s  t h e r e -  
f o r e  a long  the  s i d e s  and v e r t i c e s  tha t  Kn-2  d e v i a t e s  m o s t  s t r o n g l y  f r o m  
Hn_ 2. In p a r t i c u l a r  f o r  q2 << m~2, one has  

(m,i 2 q2)½ rn,i+ 2 , + ~ ( q i / 2 m i )  . (6) 

T h i s  f o r m u l a  s h o w s  tha t  the  s h a p e  of the  h y p e r s u r f a c e  Kn-2  d i f f e r s  f r o m  
the  p o l y h e d r o n  Hn_ 2 m a i n l y  t h r o u g h  the  f ac t  the  l a t t e r ' s  s i d e s  and v e r t i c e s  
a r e  r o u n d e d  off. T h i s  r o u n d i n g  off d e p e n d s  on the  mz, i . e .  on the  m a s s e s  
m i and the  t r a n s v e r s e  m o m e n t a  r i. A s  shown by eq. (6), the  r o u n d i n g  off 
c o r r e s p o n d s  to a d i s t a n c e  of o r d e r  rn~ b e t w e e n  Kn_ 2 and Hn_ 2 a long  the  s i d e  
w h e r e  qi = 0. T h i s  i s  s m a l l  c o m p a r e d  to the  o v e r a l l  s i z e  of Hn-2  and K n - 2 ,  
wh ich  i s  of o r d e r  W. The  h y p e r s u r f a c e  Kn_ 2 i s  a l w a y s  i n s i d e  Hn_2, and  
K n - 2  fo r  n o n - v a n i s h i n g  r i  i s  a l w a y s  i n s i d e  Kn-2  f o r  a l l  r i = O. 

Fig .  1 s h o w s ,  f o r  a t h r e e - b o d y  c o l l i s i o n  (n=3), the  p l a n e  L 2 c o n t a i n i n g  
the  p o l y h e d r o n  H1, wh ich  i s  a r e g u l a r  hexagon ,  a s  we l l  a s  the  rnan i fo ld  K1, 
h e r e  a c u r v e ,  f o r  two s e t s  of t r a n s v e r s e  m o m e n t a .  The  p a r a m e t e r s  a r e  

W = 4  , m 1 = m 2 = r n ~ r ,  m 3 = m N ,  

(mTr = 0.14 = p ion  m a s s ,  m N = 0.94 = nuc l eon  m a s s )  

r 1 = r 2 = r 3 = 0 , ( o u t e r  c u r v e  K1) , 

[ r  11 = I t 2 [  = 0 . 4 ,  [ r31  = 0 . 5 ,  ( i nne r  c u r v e K 1 )  • 

H e r e  and b e l o w  a l l  q u a n t i t i e s  a r e  in GeV,  wi th  the  conven t ion  c = 1. In 
t e r m s  of p o l a r  c o o r d i n a t e s  q, ~o in t he  p l a n e  L2,  the  qi b e l o n g i n g  to i t s  
p o i n t s  a r e  found  to  be  

q l  : ~ q s in  w ,  q2 = ~ q[-½ s in  w-½~/-3 cos  w] , 

q3 = ~/~ q[-½ s i n  w +½4-3 cos  w] , (7) 

I 

with  q = (q2 +q~ +q2)~.  The  qi a r e  ~ t i m e s  the  d i s t a n c e s  of i t s  p o i n t s  to  
t he  l i n e s  q~ = 0. The  s c a l e  shown in f ig.  1 h a s  b e e n  r e a d j u s t e d  by t h i s  f a c -  
t o r  ~/~, so  t ha t  m th~s s c a l e  t he  qi a r e  the  d a s t a n c e s  t h e m s e l v e s  to  t he  lanes  
qi = 0, wh i l e  t he  d i s t a n c e  to  the  o r i g i n  0 i s  now ~ q. The  ~ e g i o n s  of p o s i -  
t i v e  and  n e g a t i v e  qi a r e  i n d i c a t e d  by  + and - s i g n s .  F ig .  2 s h o w s  the  h e x a -  
gon H 1 and  the  c u r v e  K 1 f o r  W = 16, the  o t h e r  p a r a m e t e r s  b e i n g  the  s a m e  
a s  fo r  the  i n n e r  c u r v e  cf f ig .  1. 

F ig .  3 p r e s e n t s  the  e x p e r i m e n t a l  d i s t r i b u t i o n  of e v e n t s  in  the  l o n g i t u d i -  
na l  p h a s e  s p a c e  L 2 f o r  the  r e a c t i o n  7r+p --" 7r+Tr°p at  p ion  l a b  m o m e n t u m  
8 G e V / c ,  which  c l o s e l y  c o r r e s p o n d s  to  W = 4 ( r e / .  [2]). T h e  l o n g i t u d i n a l  
m o m e n t a  qi a r e  h e r e  d e n o t e d  by  P L  and the  c o r r e s p o n d i n g  p a r t i c l e .  The  
o u t e r  c u r v e  i s  K 1 f o r  v a n i s h i n g  t r a n s v e r s e  m o m e n t a  of a l l  t h r e e  p a r t i c l e s .  
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Fig .  1. Long i tud ina l  p h a s e - s p a c e  plot 
f o r  ~TTN at c . m .  e n e r g y  W = 4 GeV. The  
i n n e r  ful l  c u r v e  is  K1 fo r  t r a n s v e r s e  
m o m e n t a  0.4, 0.4,  0.5 GeV/c  r e s p e c -  
t ive ly ,  the  o u t e r  one i s  K 1 fo r  v a n i s h -  
ing t r a n s v e r s e  m o m e n t a .  The  d a s h e d  
l ine  r e p r e s e n t s  the  hexagon  H 1. F o r  
the  def in i t ion  of the  s c a l e ,  s e e  the  

tex t .  

F ig .  2. Long i tud ina l  p h a s e - s p a c e  plot 
for  ~?TN at c . m .  e n e r g y  W = 16 GeV. 
The  full  c u r v e  is  K 1 for  t r a n s v e r s e  
m o m e n t a  0.4, 0.4, 0.5 G e V / c .  The  
d a s h e d  l i ne s  r e p r e s e n t  the he xa gon  H l 
n e a r  i t s  v e r t i c e s .  The  s c a l e  i s  the  
s a m e  a s  def ined  in the  text  fo r  f ig.  1. 

~+p~p'n'+'n "° AT 8 GeVlc 
• r l ' + p - - , . p , r l + . r / °  A T  8 G e V / c  

1.12 < ( p 1~'*) MASS < I. 3& GeV 

J 

2266  EVENTS 

÷ 

i "  o!o: : : ;!E" : ',!o 
~ , GeWc 

,o,  
o 

:o . . . . . . . . .  
322 EVENTS ~" olo 0~  {o 

Fig .  3. E x p e r i m e n t a l  long i tud ina l  p h a s e - s p a c e  plot fo r  7T+p ~ 7r+?T°p at lab m o m e n t u m  
8 G e V / c ,  f r o m  A a c h e n - B e r l i n - C E R N  Co l l abo ra t i on  [2]. The  long i tud ina l  m o m e n t a  
a r e  h e r e  deno ted  by p ~ .  F ig .  3a c o n t a i n s  all  e v e n t s ,  f ig .  3b t hose  w h e r e  ~+p is  in the  
N *++ r e g i o n .  Th e  l a t t e r  f i g u r e  i l l u s t r a t e s  the  loca t ion  of a r e s o n a n c e  on the  plot ( see  
a l so  s e c t .  4). The  c u r v e  is  K 1 fo r  v a n i s h i n g  t r a n s v e r s e  m o m e n t a .  The  s c a l e  i s  d e -  

f ined as  spec i f i ed  in the  t ex t  f o r  f ig .  1. 
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Fig.  4. Exper imenta l  longi tudinal  phase-space plot fo r  ~-p ~ / r - f r - N  *++ at lab m o -  
mentum 16 GeV/c ,  f r om Aachen-Ber l in -Bonn-CERN-He ide lberg  Col laborat ion [3]. 
All events a re  included. The curve is K1 for vanishing t r a n sve r se  momenta,  the 
N *++ mass  having i ts  central  value. The spread of this mass  explains that some 
points fall  outside the curve.  The scale  is defined as specified in the text for  fig. 1. 

The  e x p e r i m e n t a l  d i s t r i b u t i o n  f o r  ~ - p  -* n - ~ - N  *++ at  16 G e V / c  [3] i s  g i v e n  
in f ig.  4. 

F o r  f o u r - b o d y  c o l l i s i o n s  (n=4), the  l o n g i t u d i n a l  p h a s e  s p a c e  L 3 has  
t h r e e  d i m e n s i o n s .  The  p o l y h e d r o n  H 2 i s  shown in f ig.  5. In the  o r i g i n a l  
m e t r i c  of the  S 4 s p a c e  of p o i n t s  ( q l , . . . q 4 ) ,  the  qi a r e  the  d i s t a n c e s  to the  
p l a n e s  OAB, OBD, OCE and OAE r e s p e c t i v e l y ,  e a c h  m u l t i p l i e d  by  ½/3  

1 1 
( th i s  f a c t o r  would  be  (n-1)~//n~ f o r  g e n e r a l  n).  The  s i gn  of the  d i s t a n c e s  i s  
so  d e f i n e d  tha t  q l  > 0, q2 ,3 ,4  < 0 f o r  the  po in t  P in f ig.  5. The  s q u a r e  f a c e s  
of H 2 c a r r y  p o i n t s  f o r  which  two qi a r e  p o s i t i v e  and two n e g a t i v e ,  the  
p o i n t s  on the  t r i a n g u l a r  f a c e s  have  t h r e e  qi of t he  s a m e  s i g n  (and h e n c e  the  
f o u r t h  wi th  the  o p p o s i t e  s ign) .  A l l  s i d e s  of H 2 a r e  equa l .  T h e  s u r f a c e  K2, 
not  shown in f ig.  5, d i f f e r s  f r o m  H 2 m a i n l y  by t h e  r o u n d i n g  off of s i d e s  and 
v e r t i c e s .  

D E 

A 

Fig.  5. The polyhedron H 2 in the longitudinal phase space of a four -pa r t i c l e  col l is ion 
(n--4). The hatched face is defined in sect .  4. 
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3. V O L U M E  E L E M E N T  IN L O N G I T U D I N A L  PHASE S P A C E  

We d i s c u s s  in th i s  s e c t i o n  the  r e l a t i v i s t i c a l l y  i n v a r i a n t  v o l u m e  e l e m e n t  
in p h a s e  s p a c e  

n 1 
dVR=(I[-[Ei ) -  dV N 

w h e r e  dVN, the  n o n - r e l a t i v i s t i c  v o l u m e  e l e m e n t  into the  c .m .  s y s t e m ,  s e p -  
a r a t e s  into 

dV  N = d v T d v  L,  (T = t r a n s v e r s e ,  L = long i tud ina l )  

rl n 

ri) d ,i , 

n 

We are concerned with the longitudinal element dF~ at fixed values of the 
m~ (i.e. of the I r i  I)" In the space Sn we go over to the cylindrical coordi- 
nates COl,... c~_2, q and Q depicted in fig. 6 (for n=3). The Col,..- Con-2 
are polar angle coordinates in the byperpl~e Ln_ 1 (in fig. 6 there is only 
one angle co). The lengths q and Q are the distances OP', PP' respectively, 
where PP' is perpendicular to I_~_ 1. They are given in sign ~tnd magnitude 
by 

Q = n - ~ q i ,  q = q - >10. 
1 

L•U 
~ i q 3 

- - q 2  0 , , 
\ x  

\ "  \ \  \ 

Fig.  6. The longitudinal phase space for a th ree-par t ic le  collision (n=3) and the defi- 
nition of the var iables  Co, q = OP' and Q = P 'P .  
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Now dV L is e a s i l y  t r a n s f o r m e d  into 

d = n-~ 5(Q)dO. 6 ( q - q o ) d q - D N d n _ 2  w ,  

w h e r e  tin_ 2 w is the  e l e m e n t  of so l id  angle  W l , . . .  COn_ 2 (or  equiva len t ly  the 
h y p e r s u r f a c e  e l e m e n t  on the  unit  h y p e r s p h e r e  in Ln-1 ) ,  and qo, DN a r e  

T 

func t ions  of W, r n l , . . ,  rn n and ¢Ol , . . .  Wn_ 2 def ined by 

n 

(m'i2+q2oy~)½ = W ,  qo >~ O ,  (8) 
1 

~ n ~'1 _n - 2 / F 5-~, ( rn '2 
O N =  q / - ~ q k - 1  " i + q 2 y  )~ a t q  = q o .  (9) 

H e r e  the Ti a r e  the d i r e c t i o n a l  c o s i n e s  of ( q l , " "  qn) in Sn: 

n 

qi  = ( q 2 + 0 2 / ½ ~ i  ' ~ / 2  = 1 . 
1 

(10) 

When  the point  ( q l , .  • • qn) is  in Ln-1  (i.e. Q=0) ,  the Yi a r e  func t ions  of 
w 1, . . .  Wn_ 2 only. F o r  n=3, they a r e  the  quan t i t i e s  mul t ip ly ing  q in eq. (7). 
Note  tha t  the roo t  qo of eq. (8) ex i s t s  only when 

n 
v 

W >  ~ m i ,  (11) 
1 

which is  a condi t ion  on t r a n s v e r s e  m o m e n t a .  The  r e l a t i v i s t i c  vo lume  e le -  
m e n t  now is 

dV R = dvTdv L 
R' 

L 1 

d V  = n - - ~ 5 ( Q ) d O . 5 ( q - q o ) d  q . D R d n _ 2 w  , 

D R = (rn'i2 + q o Y i  

Fig.  7 shows  D N and D R fo r  n=3 as  func t ions  of the angle  w of fig. 6. They  
a r e  n o r m a l i z e d  to m a x i m u m  value  one, and the p a r a m e t e r s  u sed  a r e  

W= 4 , m l = rn 2 = rnrg , rn 3 = m N ,  

I r ,  I : [ r2l  = 0 ° 4 ,  Ir31 = 0 5  (12) 

T 

In the a p p r o x i m a t i o n  w h e r e  all qi  >> m i ,  eqs.  (8) and (9) b e c o m e  
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08 ,, , 'I I 

, I ' , I  r ' , ,  
Q 6  ' ' ',./ ' I ,_/ 

, s 

O 4  

02 I . . . . . . . .  DR/Max DR 

/ 
0 I L J J j i 

0 o 180 ¢ 360 ° 

Fig. 7. The non-re la t iv is t ic  and re la t iv is t ic  phase-space weight functions D N and D R 
for n=3 plotted against the angle ¢o and normalized to maximum value one. The 
curves r e fe r  to ?r?rN at c.m. energy W = 4 GeV and t ransverse  momenta 0.4, 0.4 and 

0.5 GeV/c.  

n w l il1-1 
-1 n-1 

D N ~ W qo 

It i s  then  e a s y  to v e r i f y  that ,  on e a c h  f a c e  of the  p o l y h e d r o n  Hn_ 2 to  which  
Kn_ 2 r e d u c e s  in th i s  a p p r o x i m a t i o n ,  one has  

D N dn_2 w ~ c d n _ 2 ~  

H e r e  d n _ 2 ~  is  the  h y p e r s u r f a c e  e l e m e n t  on Hn_ 2 (for  n=3, d 1 ~ is  the  l i n e  
e l e m e n t  P ' P ~  in f ig.  6), and c r e m a i n s  c o n s t a n t  on each  f a c e ,  i t s  va lue  
b e i n g  

1 

c = ½[n/ j (n- j ) ]~  , 

on a f a c e  w h e r e  j of the  v a r i a b l e s  q l ,  • • • qn h a v e  one s ign  and n - j  the  oppo-  
s i t e  one.  

4. INVARIANT S U B E N E R G I E S  AND M O M E N T U M  T R A N S F E R S  

D y n a m i c a l  s t u d i e s  of m u l t i p a r t i c l e  c o l l i s i o n s  m a k e  m u c h  u s e  of r e l a -  
t i v i s t i c a l l y  i n v a r i a n t  v a r i a b l e s ,  e s p e c i a l l y  the  t w o - p a r t i c l e  s u b e n e r g i e s  

s i j  (pi+ Pj)2 m 2 2 = = i + m j  + 2 E i E  j - 2 q iq j  - 2 r i • r j ,  

and the  s i n g l e  p a r t i c l e  m o m e n t u m  t r a n s f e r s  

t i  = ( P A - P i ) 2 =  m2A + m ~ -  2 E A E i +  2 q A q i  , 

2 
t '  = ( P B - p ~ 2  = m 2 +  m i  _ 2 E B E i +  2 q B q  i . 
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, /-'~$23 , 

/ ' :~,: ,," ":,, i /  

74 
F i g .  8. T h e  s u b e n e r g i e s  s 1 2  , s 2 3  and  t h e  m o m e n t u m  t r a n s f e r  t 1, t~ p l o t t e d  a s  f u n e -  
tion of the angle co for the col l is ion fiN - ' *  7TffN at e.m. energy 4 GeV and t r ansve r se  
momenta 0.4, 0.4, 0.5 GeV/c for the outgoin G par t i c l es .  The ver t ica l  scale  is  in 

(GeV) ~. 

T h e  p d e n o t e  t he  f o u r - m o m e n t a  of t he  p a r t i c l e s  and qA = -qB the  i n c i d e n t  
( p u r e l y  l ong i t ud ina l )  c . m .  m o m e n t u m .  F o r  n=3 and the  p a r a m e t e r s  (12), t he  
q u a n t i t i e s  s12 , s23  , t 1 and t~ a r e  p l o t t e d  a g a i n s t  t he  a n g l e  co in f ig.  8; the  
i n c i d e n t  p a r t i c l e s  a r e  t a k e n  to  be  A = v, B = N. I n c r e a s i n g  the  c .m .  e n e r g y  
to  W = 16 f o r  the  s a m e  m a s s e s  and  t r a n s v e r s e  m o m e n t a ,  we o b t a i n  f ig.  9. 
The  p o l y g o n a l  s h a p e  now t a k e n  by the  c u r v e s  i s  s t r i k i n g .  It c an  be  u n d e r -  
s t o o d  a s  f o l l o w s .  In the  l i m i t  of l a r g e  e n e r g y  one h a s ,  f o r  any n and in the  
n o t a t i o n s  of s e c t .  3, the  e x p a n s i o n  

n 

sij ~ 2W2[lVi~j l -viYj](~l IVk I) -2 
2 2 ,2 ,2 Iralril +mj I # i 

+ m. +m. +m. ,r:./>~, 
Z 3 Z ~ t - ' j ~  

YI 

t i ~-w2[Iril-~i](~ 1 I~kl) -1 
n +~.11-21ri1(~ I~kl) 1] 

n 

+ " . - ,  '~) Ir~ I)12ril + . . . ,  

7/ t/ 

t~ ~ - W 2 [ ] ~ i l + T i ] ( ~  1 I ~ k l )  -1 2 + m B [ 1 - 2 l Y i ] ( l ~  I~kO -1] 

n 

+ ~ . - m  I,kl) 12~i1-1+ . . . .  z 

T h e  t e r m s  n e g l e c t e d  a r e  of o r d e r  W -2 .  The  c h a r a c t e r i s t i c  of t h e s e  f o r m u -  
l a e  i s  t ha t  t h e i r  f i r s t  l i n e  g i v e s  e s s e n t i a l l y  l i n e a r  v a r i a t i o n s  o v e r  an i n t e r -  
v a l  of o r d e r  W 2 a s  long  a s  ~ i~ i ,  ~i  o r  -~'i i s  n e g a t i v e ,  but  v a n i s h e s  o t h e r -  
w i s e .  T h e  f o l l o w i n g  l i n e s  g ive  f i n i t e  e x p r e s s i o n s  i n d e p e n d e n t  of W; the ix  
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Fig.  9. Same quanti t ies as in fig. 8, 
except that the c.m. energy is here  

16 GeV. 
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Fig.  10. Enlarged view of the small  s 
and Itl region of fig. 9. The ver t ical  

scale  is again in (GeV)2. 

s h a p e  i s  i l l u s t r a t e d  f o r  n=3 in f ig.  10 w h i c h  s h o w s  the  m i d d l e  s e c t i o n  of 
f ig .  9 on an e n l a r g e d  s c a l e .  T h e  r e g i o n s  w h e r e  s i j ,  t i o r  t~ r e m a i n  f i n i t e  
even  f o r  l a r g e  W a r e  e a s i l y  r e c o g n i z e d  in k i n e m a t i c  t e r m s :  

s i j  f in i t e ,  YiY j  o r  q i q j  > 0: the  p a r t i c l e s  Ci and Cj 
go bo th  f o r w a r d  o r  bo th  
b a c k w a r d  in t he  c .m .  s y s t e m ;  

t i f i n i t e ,  Yi > 0 o r  q i  > 0: Ci  g o e s  f o r w a r d  in the  
c . m .  s y s t e m ;  

t~ f in i t e ,  Yi  < 0 o r  q i  < 0: C i g o e s  b a c k w a r d  in the  
c . m .  s y s t e m .  

A s  c l e a r l y  s e e n  f o r  n=3 in f ig .  10, the  r e g i o n  w h e r e  s12  and s23 a r e  bo th  
l a r g e  and I t l  I, It31 b ° t h  f i n i t e  ( r e g i o n  of ' d o u b l e  R e g g e  b e h a v i o u r ' ,  s e e  
s e c t .  5) i s  l i m i t e d  to  the  i m m e d i a t e  n e i g h b o u r h o o d  of w = 120 °.  

The  a b o v e  d i s c u s s i o n ,  and  e s p e c i a l l y  t he  e x p a n s i o n s  of s i j  , t i ,  t )  fo r  
l a r g e  W, show tha t  the  s i d e s  and v e r t i c e s  of the  p o l y h e d r o n  Hn_2, i . e .  the  
c o n f i g u r a t i o n s  w h e r e  one o r  m o r e  q i  v a n i s h ,  have  at  h igh  e n e r g y  a r e l a t i v -  
i s t i c a l l y  i n v a r i a n t  m e a n i n g  t h r o u g h  the  f ac t  t ha t  t hey  c o r r e s p o n d  to s h a r p  
b r e a k s  in the  v a r i a t i o n s  of i n v a r i a n t  s u b e n e r g i e s  and m o m e n t u m  t r a n s f e r s .  
T h e  d i s c u s s i o n  a l s o  a l l o w s  to l o c a t e  the  r e g i o n s  of the  l o n g i t u d i n a l  p h a s e -  
s p a c e  p lo t  w h e r e  two o r  m o r e  f i na l  p a r t i c l e s  f o r m  a r e s o n a n c e  ( s e e  f ig .  3b 
f o r  an e x p e r i m e n t a l  e x a m p l e ) .  

A n o t h e r  t y p e  of i n v a r i a n t  m o m e n t u m  t r a n s f e r  wh ich  i s  o f ten  c o n s i d e r e d  
i s  d e f i n e d  by  

t ( i l  , . . . i j )  = (PA - P i l .  . . _p/j)2 = (PB - P i j + l "  . " - P i n )  2 • 

I t s  a s y m p t o t i c  b e h a v i o u r  f o r  W --* ~ can  b e  d i s c u s s e d  by  the  t y p e  of e x p a n -  
s i o n  a l r e a d y  u s e d .  We r e s t r i c t  o u r s e l v e s  h e r e  to  t he  r e m a r k  tha t ,  f o r  
W-~  ~, t he  r e g i o n  of Kn_ 2 ~ Hn_ 2 w h e r e  l t ( i l , . . .  O) I r e m a i n s  f i n i t e  i s  t he  
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s e t  of f a c e s  of Hn-2  on wh ich  a l l  q i l ,  • • • q i j  > 0 a n d / o r  a l l  q i j + l ,  • • • q i n  < O. 
F o r  e x a m p l e ,  fo r  t(1,2) a n d n = 4 ,  t h i s  r egzon  i s  c o m p o s e d  o f  the  h a t c h e d  
s q u a r e  f a c e  and  the  f o u r  a d j a c e n t  t r i a n g u l a r  f a c e s  in f ig .  5. T h e  p r o o f  of 
o u r  g e n e r a l  s t a t e m e n t  i s  t he  fo l lowing .  C o n s i d e r  t ( 1 , . . . j )  and n e g l e c t  a l l  
m a s s e s  and t r a n s v e r s e  m o m e n t a .  One can  then  w r i t e  

J J 
t ( 1 , . . . j )  = [ I q A l + q A -  ~1 ( l q i l + q i ) ] . [ I q A  I - q A - ~ l  ( I q i f - q i ) ] .  

A b e i n g  f o r w a r d ,  IqA] = qA. If a l l  q l , . . ,  qj  > 0, t he  s e c o n d  f a c t o r  v a n i s h e s .  
If  a l l  q j + l ,  • • • q n  < 0, the  f o r w a r d  p a r t i c l e s  a r e  a l l  a m o n g  C 1 , . . .  Cj  and  
t hey  g ive  t he  n o n - v a n i s h i n g  t e r m s  in 

J 
( IqiJ +q i )  • 

1 

E n e r g y  c o n s e r v a t i o n  then  m a k e s  t i l l s  s u m  equa l  to  2 I qA I" 

5. M U L T I P E R I P H E R A L  R E G G E  M O D E L  

C o n s i d e r a b l e  s u c c e s s  h a s  b e e n  r e a c h e d  by  the  R e g g e  v e r s i o n  of t he  m u l -  
t i p e r i p h e r a l  m o d e l  in a c c o u n t i n g  fo r  the  o b s e r v e d  s i n g l e  p a r t i c l e  d i s t r i b u -  
t i o n s  in m u l t i p a r t i c l e  c o l l i s i o n s  [4]. U s e  of l o n g i t u d i n a l  p h a s e - s p a c e  p l o t s  
can  be  e x p e c t e d  to  p r o v i d e  m a n y  new t e s t s  of such  m o d e l s  and,  m o r e  g e n -  
e r a l l y ,  to  g i v e  m o r e  c o n c r e t e  i n s i g h t  in to  the  d y n a m i c a l  b e h a v i o u r  of t he  
c o l l i s i o n s .  We l i m i t  o u r s e l v e s  h e r e  to  a b r i e f  d i s c u s s i o n  of the  m o d e l  f o r  
n=3, c o n s i d e r i n g  the  d i a g r a m  in f ig.  11. T h e  c o r r e s p o n d i n g  a m p l i t u d e  can  
b e  w r i t t e n  in  t he  g e n e r a l  f o r m  

A = A 1 A 2 f ( s 1 2 , s 2 3 , t l , t ' 3 )  , 

A 

C2 
C3 

2~ tnA1 InA2 

o,i ' / t . ~  i 
' , 2 6 0  = 

&0 ~(A)A2)2 

30 i '  

20 J '  ,~ 

10 , ~ ~(A1A2)2DR, 
2/.,0o 

Fig.  11. Various quanti t ies re la t ing to a double Regge amplitude corresponding to the 
d iag ram in the upper left corner ,  plotted against  ¢o for  a coll is ion ?rN--* y?rN at c.m. 
energy 10 GeV, all  t r a n s v e r s e  momenta  being 0.3 GeV/c.  The curve for (A1A2)2 D R 

has an a r b i t r a r y  normal izat ion.  
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A 1 : (b+sl2)  a l ( t l )  A 2 = (b+s23)a2(t'3) 

w h e r e  a l ( t l )  , a2(t~) a r e  the Regge t r a j e c t o r i e s ,  b is  a p a r a m e t e r ~  1 (we 
con t inue  to u se  the GeV as  uni t ) ,  a n d f  is  a c omp l e x  func t i on  r e m a i n i n g  
bounded  for  s12 a n d / o r  s23-~ + ~ .  The  Regge exponen t s  a n d / o r  f e n s u r e  
tha t  A v a n i s h e s  exponen t i a l l y  for  t 1 a n d / o r  t~ --* - oo. F r o m  f igs .  9 and 10 
the h i g h - e n e r g y  s i t u a t i o n  i s  then  c l e a r .  A s s u m i n g  p o s i t i v e  s lopes  d a l / d t  1 
and  da2/dt'3, we f ind 

0 < ~o < 120 ° 

120 ° <  ¢o< 180 ° 

180 ° <  ~o<360  ° 

60 ° < w < 120 ° 

120 ° < w < 240 ° 

0 < ¢0< 60 ° 

: A  1>> 1 i f a l ( t l ) >  0 ,  

: A I ~  1 

: A  1 << 1 

: A 2 ~  1 

A 1 << 1 if a l ( t l )  < 0 

T 

: A  2>> 1 i f a 2 ( t 3 ) >  0 ,  A 2<< 1 i f a 2 ( t ~ ) < 0  

and 240 ° <  ¢o< 360 ° : A  2 << 1 . 

F ig .  11 i l l u s t r a t e s  l n A  1 and l n A  2 as  f u n c t i o n s  of ¢o for  

m A =  m 1 = m 2 = m ~ ,  m B =  m 3 = m N ,  

W :  1 0 ,  a l l  I r i j  : 0 . 3  , 

a l ( t )  = a2(t) = ½ + t ,  b = 1 . 

It a l so  g ives  (A1A2) 2 and (A1A2) 2 DR, the l a t t e r  with a r b i t r a r y  n o r m a l i z a -  
t ion.  The  peak s t r u c t u r e  ob ta ined ,  which  wil l  not  be  q u a l i t a t i v e l y  a f fec ted  
by the add i t i ona l  f a c t o r  f in the  a m p l i t u d e ,  i s  a p r i o r i  r a t h e r  r e m a r k a b l e .  
I ts  q u a l i t a t i v e  f e a t u r e s  a r e  r e a d i l y  i n t e r p r e t e d  on the b a s i s  of the g e n e r a l  
b e h a v i o u r  of A1, A 2 as  d i s c u s s e d  above.  Then ,  (A1A2)2 has  one peak  for  ~o 
b e t w e e n  60 ° and 120°;  it c o m e s  f r o m  the m a x i m u m  of A 1 at  ~o = 60 ° which 
i s  d i s p l a c e d  to l a r g e r  ¢o by A2. The s e c o n d  peak  of (A1A2) 2, be t w e e n  120 ° 
and 180 ° ,  i s  p r o d u c e d  by the  m a x i m u m  of A 2 at w = 180 °,  d i s p l a c e d  to 
s m a l l e r  ¢o by A1. The  m a x i m a  of (A1A2) 2, however ,  a r e  f u r t h e r  d i s p l a c e d  
by the s h a r p  peaks  of DR, i .e .  of the r e l a t i v i s t i c  p h a s e - s p a c e  e l e m e n t .  
T h e s e  peaks  o c c u r  at  w = 120 ° ,  w h e r e  the p ion C 2 has  q2 = 0, and at  
~o = 180 o, w h e r e  the p ion  C 1 has  ql  = 0. Hence ,  (A1A2)2 D R has  a peak  for  
¢0 j u s t  be low 120 ° and one for  co j u s t  be low 180 °.  The  o c c u r r e n c e  of the 
l a t t e r  peak is  s u r p r i s i n g  b e c a u s e  it c o r r e s p o n d s  to a s i t u a t i o n  w he r e  C 2 
goes  f o r w a r d  c o m p a r e d  to C1, in  c o n t r a d i c t i o n  with the n a t u r a l  o r d e r i n g  of 
l o n g i t u d i n a l  m o m e n t a  (ql  > q2 > q3) expec ted  for  the d i a g r a m  of fig. 11. In 
the  r e g i o n  120 ° < ¢o < 180 ° ,  A1A 2 should  show s t r o n g  i n t e r f e r e n c e  with the 
a m p l i t u d e  f r o m  the d i a g r a m  ob t a ined  by i n t e r c h a n g i n g  C 1 and  C 2. 

Fig .  11 r e f e r s  to a s i t u a t i o n  w h e r e  a l l  t r a n s v e r s e  m o m e n t a  a r e  0.3. In -  
c r e a s i n g  th i s  va lue ,  one f inds  tha t  the  m a x i m u m  of A2 d e c r e a s e s  f a s t e r  
t han  the one of A1, and  tha t  the  peak  of (A1A2)2DR at ~o = 180 ° soon b e -  
c o m e s  a m e r e  s h o u l d e r ;  t h i s  o c c u r s  e.g.  when  a l l  I r i l  = 0.5. The  peak  at  
w = 120 °,  on the  o the r  hand,  r e m a i n s  qu i te  p r o n o u n c e d .  I n v e r s e l y ,  de -  
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c r e a s i n g  the  ]r i]  c a u s e s  a m o r e  r a p i d  i n c r e a s e  of t he  co = 180 ° p e a k  which  
b e c o m e s  even  h i g h e r  than  the  co = 120 ° one when a l l  I r i ]  a r e  0.1. A l l  t h e s e  
q u a l i t a t i v e  f e a t u r e s  a r e  a l r e a d y  p r e s e n t  f o r  a c .m .  e n e r g y  a s  low a s  4. 

T h e s e  c o n s i d e r a t i o n s  c l e a r l y  i n d i c a t e  the  i n t e r e s t  of p l o t t i n g  e x p e r i m e n -  
t a l  d a t a  not  only  in l o n g i t u d i n a l  p h a s e  s p a c e ,  a s  i l l u s t r a t e d  in f i g s .  3 and 4, 
but  a l s o  a g a i n s t  the  a n g l e  co a s  in f ig.  11. T h i s  can  be  done  by s u m m i n g  
o v e r  a l l  t r a n s v e r s e  m o m e n t a  o r  by  t a k i n g  c h a r a c t e r i s t i c  i n t e r v a l s  of t h e m .  
In such  p l o t s  i t  w i l l  be  u s e f u l  to  g ive  e a c h  even t  a we igh t  p r o p o r t i o n a l  to 
D ~  1 so  a s  to  b r i n g  out the  m a g n i t u d e  of the  r e l a t i v i s t i c a l l y  i n v a r i a n t  m a t r i x  
e l e m e n t .  In add i t i on ,  ou r  d i s c u s s i o n  s u g g e s t s  tha t  a s tudy  of t r a n s v e r s e  
m o m e n t u m  d i s t r i b u t i o n s  and c o r r e l a t i o n s  fo r  c o n s t a n t  co ( i .e .  f o r  co wi th in  
r a t h e r  s m a l l  i n t e r v a l s )  would  a l s o  be  v e r y  i n s t r u c t i v e .  

6. THE P R I N C I P L E  O F  A NEW MONTE C A R L O  I N T E G R A T I O N  METHOD 

We end t h i s  p a p e r  by s u g g e s t i n g  a new m e t h o d  f o r  Monte  C a r l o  e v a l u a -  
t i on  of p h a s e - s p a c e  i n t e g r a l s .  It i s  b a s e d  on the  s e p a r a t i o n  of l o n g i t u d i n a l  
and  t r a n s v e r s e  m o m e n t a  c o n s i d e r e d  above  and  it i s  m o s t  s u i t a b l e  f o r  i n t e -  
g r a l s  which  ge t  t h e i r  m a i n  c o n t r i b u t i o n  f r o m  the  s m a l l  t r a n s v e r s e  m o m e n -  
t u m  r e g i o n  (a l though  i t  i s  a p p l i c a b l e  in p r i n c i p l e  to  any p h a s e - s p a c e  i n t e -  
g r a l ) .  C o n s i d e r  the  i n t e g r a l  

J =  f F d V  R 

w h e r e  d V  R i s  the  r e l a t i v i s t i c a l l y  i n v a r i a n t  v o l u m e  e l e m e n t  c o n s i d e r e d  in 
s e c t .  3, a n d F ( P l , . . . P n ) ,  Pi  = (qi ,  r i ) ,  i s  a func t ion  of the  n p a r t i c l e  m o -  
m e n t a .  The  i n t e g r a t i o n  e x t e n d s  o v e r  the  whole  of p h a s e  s p a c e ;  e n e r g y  con -  
s e r v a t i o n  m a k e s  t h i s  a f i n i t e  d o m a i n .  

U s i n g  the  d e f i n i t i o n s  and r e s u l t s  of s e c t s .  2 and  3, we r e w r i t e  J in the  
f o r m  

J = f F  1 d V  T "5(Q)dQ " 6 ( q - q o ) d q ' d n _  2 w , 

t /  

F 1 = n - ~  F D  N E i (13) 

To s e p a r a t e  the  func t ion  
n 

c o n t a i n e d  in dV T,  we i n t r o d u c e  a (n × n) o r t h o g o n a l  Oij  s a t i s f y i n g  
1 

Oin = n - ~  , i = 1 , .  . . n  , 

and we de f ine  new v e c t o r s  U l , . . .  Un t h r o u g h  

(14) 
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r i = 0 0 u j .  
j= l  

(:5) 

An expl ici t  example  of such a m a t r i x  is given in the appendix.  F r o m  eq. 
(14) and the or thogonal i ty  condition 

we conclude 

n 

O i j  O i k =  6 j k  ; j ,  k = 1,  . . . n , 
i=1 

7/ 
1 

r i = n~  u n . 
1 

F u r t h e r m o r e ,  again  f r o m  or thogonal i ty ,  

7/ 7/ 

Hence 

7/ 

dV T = n - 1  52 (Un)~ l  d 2 u i .  

Our next s tep is  to in t roduce a gauss i an  weighing f ac to r  in the t r a n s v e r s e  
m o m e n t a  

7/ 7/ 

= exp( -p  ~ r  2 2 
1 i) = exp( -p  ~ u i )  . 

1 
(16) 

Orthogonal i ty  of O i j  jus t i f ies  equali ty of the two exp res s ions .  Eqs.  (13) can 
now be wr i t t en  

n - 1  

J : f F 2  6(Q)d Q" 6 2 ( u T / ) d u  n • 6 ( q - q o ) d  q • (~ [ ~  d2ui) "dT/_ 2 w,  
1 

3 
F 2 = n - v  F D  R ,~ -1  , 

or ,  a f t e r  p e r f o r m i n g  the de l ta  function in tegra t ions ,  

n-1 
J= f F2(O ~ d2ui)dT/-2~, 

where  now, in • and F2, the cons t r a in t s  

Q =  O n = O ,  q = q o ,  

a r e  to be used. Note that  the l a t t e r  r e q u i r e s  that  condition (11) of sect .  3 
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v 
h o l d s ,  w h e r e  the  m i a r e  now f u n c t i o n s  of the  u j  t h r o u g h  eq. (15). If i t  d o e s  
not ,  the  po in t  U l , . . .  Un_ 1 c o n t r i b u t e s  z e r o  to  t he  i n t e g r a l .  

T h e  p r o p o s e d  Mon te  C a r l o  p r o c e d u r e  c o n s i s t s  in g e n e r a t i n g  r a n d o m  
v e c t o r s  U l , . . .  Un-1  and r a n d o m  p o l a r  a n g l e s  W l , . . .  Wn-2 a c c o r d i n g  to the  
p r o b a b i l i t y  d i s t r i b u t i o n  

n-1  
d N =  ( ~ ] ~  d2ui)dn_ 2 c o ,  

1 

n-1 
2 

= e x p ( - p  ~ u i )  . (17) 
1 

F r o m  the  w and  u, t h r o u g h  eqs .  (10) and  (15) w h e r e  the  f o r m e r  a r e  t a k e n  
f o r  q = qo,  Q = 0, we c a l c u l a t e  the  c o r r e s p o n d i n g  q l ,  • • • qn, r l ,  • • • r n  to  
b e  i n t r o d u c e d  in F 2 and we ob t a in  f o r  J the  Monte  C a r l o  e s t i m a t e  

J-- fF2dN 

At the  end of the  p r e s e n t  s e c t i o n  we s h a l l  m e n t i o n  an e x p l i c i t  p r o c e d u r e  to 
c o n s t r u c t  the  p o l a r  a n g l e s  W l , . . .  Wn-2 and to c a l c u l a t e  the  func t i ons  
y i ( W l , . . .  COn_2) of eqs .  (10). 

F o r  h i g h - e n e r g y  c o l l i s i o n s ,  u s e f u l  f u n c t i o n s  F would  be  such  t ha t  t hey  
t end  r a p i d l y  t o w a r d  z e r o  when one o r  m o r e  I r i l  b e c o m e  l a r g e ,  b e c a u s e  the  
o b s e r v e d  a v e r a g e  t r a n s v e r s e  m o m e n t a  a r e  s m a l l  (of o r d e r  ~ 0.4 GeV).  One 
s h o u l d  c h o o s e  p such  tha t  • in eq. (16) h a s  about  the  s a m e  r a n g e  in the  [ r i l  
a s  F.  

In o r d e r  to  g e n e r a t e  r a n d o m  u a c c o r d i n g  to  eq. (17), i t  s e e m s  u s e f u l  to 
r e w r i t e  t he  c o m p o n e n t s  of u i a s  

u (1). = u~2i_  1 , u (2). = u ~ 2 i  , ( i =  1 , . . . n - l )  , 
Z Z 

U = 

n-1  2 -~ 2n-2  

1 Y 

We have  t hen  
n-1  

¢b [ ~  d 2 u  i = u2n-3 exp ( -pu2)du .  d2n_ 3 ~ , 

w h e r e  d2n-3  ~ i s  t he  s o l i d  a n g l e  e l e m e n t  in ( 2 n - 2 ) - d i m e n s i o n a l  s p a c e .  T h e  
r a n d o m  d i s t r i b u t i o n  of u wi l l  be  a c h i e v e d  by a d o p t i n g  a u n i f o r m  d i s t r i b u t i o n  
f o r  the  new v a r i a b l e  

U 

i f= f v 2n-3 e x p ( - p v 2 ) d v  . 
O 

F o r  t he  ~j, wha t  i s  n e e d e d  i s  a u n i f o r m  d i s t r i b u t i o n  on the  uni t  s p h e r e  of 
( 2 n - 2 ) - d i m e n s i o n a l  s p a c e .  A s i m p l e  g e n e r a t i o n  m e t h o d  f o r  t h i s  d i s t r i b u t i o n  
i s  g i v e n  in the  append ix .  



346 L. VAN HOVE 

We t u r n  to t he  p o l a r  a n g l e s  ¢Ol , . . .  COn_ 2 in  t he  s p a c e  L n _ l ,  a s  i n t r o -  
d u c e d  in  s e c t .  3. T h e i r  d e f i n i t i o n  i s  obv ious  f o r  n=3 and  4. F o r  e x p l i c i t  c a l -  
c u l a t i o n s  when n > 4, a s i m p l e  p r o c e d u r e  c o n s i s t s  in c o n s t r u c t i n g  o r t h o g o -  
na l  c o o r d i n a t e s  Q1, • • • Qn-1 in t he  s p a c e  L n - 1 ,  e .g .  by  m e a n s  of the  s a m e  
o r t h o g o n a l  m a t r i x  a s  u s e d  a b o v e  

n -1  
qi = ~ Oij Vj+n-½ Q . 

j=l  

We then  have  

Qj = q n j ,  ~n~ = 1 ,  (j= 1 , . . . n - a ) .  

H e r e ,  Q and q a r e  the  c o o r d i n a t e s  i n t r o d u c e d  in s e c t .  3, and the  77j, c o n -  
s t r a i n e d  to  be  on the  uni t  s p h e r e  of ( n - 1 ) - d i m e n s i o n a l  s p a c e ,  g ive  an e x -  
p l i c i t  r e a l i z a t i o n  of t he  p o l a r  a n g l e s  ¢ O l , . . .  Wn_ 2. F o r  eq. (17) we need  a 
u n i f o r m  d i s t r i b u t i o n  on t h i s  s p h e r e .  T h e  c o n s t r u c t i o n  g iven  in the  a p p e n d i x  
can  be  u s e d .  

A s  no ted  b e f o r e ,  t he  func t ion  D R i s  s t r o n g l y  p e a k e d  when  qi = 0 f o r  a 
p ion .  T h e s e  p e a k s  o c c u r  a l s o  in the  func t ion  F2 i n t r o d u c e d  by  ou r  Monte  
C a r l o  p r o c e d u r e .  At  v e r y  h igh  e n e r g y  i t  m a y  b e c o m e  d e s i r a b l e  to  g e n e r a t e  
m o r e  p o i n t s  in the  r e g i o n  of such  peaks.~ T h i s  c a n  be  a c h i e v e d  by  g e n e r a t i n g  
a d d i t i o n a l  p o i n t s  on the  un i t  s p h e r e  ~ ~ = 1 in the  r e g i o n  w h e r e  one o r  
m o r e  qi = O, m o d i f y i n g  the  func t ion  F 2 - c o r r e s p o n d i n g l y .  

The  a u t h o r  i s  i n d e b t e d  to  Dr .  K. Z a l e w s k i  fo r  v a l u a b l e  s u g g e s t i o n s  c o n -  
c e r n i n g  the  Mon te  C a r l o  i n t e g r a t i o n .  U s e f u l  d i s c u s s i o n s  wi th  e x p e r i m e n t a l  
and  t h e o r e t i c a l  c o l l e a g u e s ,  e s p e c i a l l y  D r s .  A. Bia~as  and  W. K i t t e l ,  a r e  
g r a t e f u l l y  a c k n o w l e d g e d .  

A P P E N D I X  

A. A n  exp l i c i t  f o r m  f o r  the m a t r i x  Oij 
F o r  the  o r t h o g o n a l  m a t r i x  Oij , i n t r o d u c e d  in s e c t .  6, the  fo l l owing  s i m -  

p l e  c h o i c e  can  be  m a d e  
1 

O l l  = -O21 = 2 - ~  , O31 . . . .  Onl = 0 , 

1 1 
O12 = 022 = -~ 032 = 6-~  , 042 . . . . .  On2 = 0 , 

O l , n - 1  . . . . .  O n - l , n - 1  = - ( n - l )  -1 On, n-1  = [n(n-1)]-½ , 

1 

Oln . . . .  = Onn = n--~ . 

B. Generat ion  o f  un i f o rm  d i s t r ibu t ion  on unit  s p h e r e  
We want  to  g e n e r a t e  the  d i s t r i b u t i o n  
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N 
dw= 6 ( 1 -  ~1 x 2 ) d x l " " "  dXN' (18) 

the  c a s e s  of i n t e r e s t  b e i n g  fo r  N >/ 4. 
F o r  N even ,  N = 2K, we de f ine  new v a r i a b l e s  t h r o u g h  

! £ 
x2j_ 1 =p~cos(pj  , x2 j =pC. s i n C j  , j = 1 . . .  K ,  

j (19) 

T h e y  g ive  

and  c o n s e q u e n t l y  

0 - - < p j  ~<1 ,  0 - - < ¢ j < 2 ~ .  

N 2 K N K 

1 x.z :~1 p j '  ~11 dxi = 2 - K ~  ]dpjd(pj '  

K K 

dw = 2 - K  6(1 - ~1 PJ)[1 ~ dpjd(Pj. (20) 

T h e  ~ j  a r e  i n d e p e n d e n t  v a r i a b l e s ,  u n i f o r m l y  d i s t r i b u t e d  on (0, 2~). To g e n -  
e r a t e  the  pj, one can  t a k e  K-1 i n d e p e n d e n t  n u m b e r s  g l , .  • • (~K-1, each  b e -  
ing u n i f o r m l y  d i s t r i b u t e d  on the  i n t e r v a l  (0, 1). F o r  e a c h  r a n d o m  c h o i c e ,  
o r d e r  t h e m  a c c o r d i n g  to  

0 ~< gJl ~< (~J2" "" ~< ~JK-1 

and de f ine  P l ,  • • • PK by 

< 1 ,  

P l  : aJ l  ' P2 : a J 2 - 9 1  " ' "  PK : 1-  (~JK-1 " 

T h e  p so  o b t a i n e d  obey the  d i s t r i b u t i o n  l aw  (20). 
T h e  t r e a t m e n t  of eq. (18) f o r  N odd (N = 2K+l)  can  e a s i l y  be  r e d u c e d  to  

the  p rev ious ,  one.  We de f ine  pj, ~pj by eq. (19) and we i n t r o d u c e  new v a r i a -  
b l e s  pj by 

2 , 
pj : ( 1 - X N ) p j  , j : 1 , . . . K .  

T h e  i n t e r v a l s  a r e  now 
v 

0 --< pj --< 1 , 0 --< (pj --< 2~ . 

T h e  d i s t r i b u t i o n  (18) then  b e c o m e s  

K K , 2 ,K-1  
d w =  2 - K  6 ( 1 -  ~ p ' ) ( ~ ] d p j . d ( P j ) . ( 1 - X N , j  "]- / dx N • 

1 



348 L. VAN HOVE 

T h e  p j ,  ~ j  a r e  g e n e r a t e d  a s  t h e  pj,  (pj w e r e  p r e v i o u s l y .  F o r  XN, o n e  u s e s  
a u n i f o r m  d i s t r i b u t i o n  f o r  t h e  n e w  v a r i a b l e  

= J ( 1 - x 2 ) K - l - t  d x ,  -1 < x N--< 1 . 

o 
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